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Abstract 

We study the dynamics of N charges interacting with the Maxwell field. If their initial ve- 
locities are small compared to the velocity of light, c, then in lowest order their motion is 
governed by the static Coulomb Lagrangian. We investigate higher order corrections with an 
explicit control on the error terms. The Darwin correction, order |v/cp, has been proved pre- 
viously. In this contribution we obtain the dissipative corrections due to radiation damping, 
which are of order |f/cp relative to the Coulomb dynamics. If all particles have the same 
charge-to-mass ratio, the dissipation would vanish at that order. 



1 Introduction 



Experimental general relativity is at the edge of taking the lead in ultraprecision, surpassing even 
the famous measurements of the anomalous magnetic moment of the electron 0. The best-studied 
test case is provided by the Hulse- Taylor binary pulsar PSR 1913+16, which consists of two neutron 
stars, each roughly of one solar mass and with a radius of 10 km. The stars are a distance 2.6 x 10^ 
km apart and revolve around their common center of mass with a period of about 7h 45min at a 
speed of \v/c\ = 10~^ (with c the velocity of light). One of the stars rotates around its own body 
axis and emits a precisely pulsed radio wave which can be detected on earth, thus providing an 
indirect measurement of the orbital motion P, [l^ . 



On the theoretical side one has to solve Einstein's equations with matter such that the mass 
is well-concentrated in the two neutron stars. Since \v/c\ -C 1, a natural strategy is to expand the 
metric in powers of \v/c\. The zero order contribution corresponds to the non-relativistic limit, 
where the stars move on the Kepler orbits of the Newtonian theory of gravity. Therefore higher 
order corrections are commonly called "post-Newtonian" and they are counted in powers oi\v/c\^. 
To first post-Newtonian order, |f/cp, the motion of the binary pulsar is governed by additional 
velocity dependent forces, and this order is followed by corrections, order |f/c|^, which are still of 
conservative (Hamiltonian) nature. Damping through the emission of gravitational waves appears 
at order |f/c|^, which roughly means a correction of order 10~^^ relative to the Kepler orbit. The 
predictions of the theory and the observed minute shrinking of the orbit agree within 0.3%. It 
is even claimed that improved experimental devices would yield a precision of order |f/c|^^, see 
| 20| . At present theoretical studies of 3.5 post-Newtonian dynamics are available, cf. and the 



references therein. 

From a mathematical point of view one would like to establish that the true orbit of the 
neutron stars, as governed by Einstein's equations, is well-approximated by the solution of the 
effective second order differential equation at the appropriate post-Newtonian order. While order 
zero has been accomplished in [|T3 for asymptotically flat geometry, any further progress seems 



difficult at this point. In fact, since in the relativistic context there is no sufficiently general theory 
for the existence of solutions, even the notion of a true orbit is somewhat vague. Therefore in 
the present paper we propose to investigate a very similar, but considerably less involved problem 
where the neutron stars are replaced by charges and the gravitational field is replaced by the 
Maxwell field. Of course the physics is then completely different, but as a theoretical problem 
most qualitative features are maintained with the welcome simplification that the equations for 
the electromagnetic field are linear, in contrast to Einstein's equations. Moreover the matter field 
can be modeled through a rigid charge distribution. As the only drawback, there seems to exist no 
obvious experimental realization of the model. For a single charge in a Penning trap the radiation 



damping is measured through the shrinking amplitude of the cyclotron mode [g, |l8[ . On the other 
hand, two charges of opposite sign will rapidly form a neutral atom which is governed by the 
laws of quantum mechanics. Despite this fact we believe that our approach will improve on the 
understanding of how radiation damping emerges from a fully microscopic Hamiltonian system for 
the interaction of matter with a wave field. 

The dynamical system under study consists of Maxwell's equations for the electromagnetic 
field, 

d d 
c'^—B{x,t) = -\/AE{x,t), c~^—E{x,t) = VAB{x,t)-c'^j{x,t), (1.1) 

V ■ E{x, t) = p{x, t), V ■ B{x, t) = 0, (1.2) 
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and the Lorentz force equations for the charges, 



^(rni.a'jaVait)') = ea[E^{qa{t),t) + c ^ t;„(t) A t)) , a = l,...,N. (1.3) 

Our above example corresponds to two charges, but a general number > 1 will make little 
difference, except that some solutions of the Coulomb dynamics may fail to exist globally in time. 
Concerning our notation, E is the electric and B the magnetic field. Moreover qa{t) denotes the 
position of particle a, and its velocity is Va(t) = qaif). The particle has (bare) mass mba, charge Cq, 
and a relativistic kinetic energy with 7^ = (1 — {va/cf') Each particle carries a rigid charge 
distribution as given by the form factor ip, which we assume to be smooth, radial, compactly 
supported, and normalized, i.e., 

< G Co°°(IR^) > '^{x) = Vr{\x\) , ^(x)=0 for \x\>R^, Jd^xip{x) = l. (C) 
Then the charge and current densities generated by the charges are given by 

N N 

p{x,t) = ^ea^{x - qa{t)) and j{x,t) = ^ eaip{x - qa{t))va{t), (1.4) 

which determine the source terms in Maxwell equations and thereby couple ( |1 . Ij ) , ( |1.2D , and ( |1.3| ). 
The functions and B^, in ( [1.3| ) are the fields smeared out by ip, i.e., we introduce E^{x,t) = 
J ip{x — x')E{x' ,t)d?x' and B^{x,t) = J ip{x — x')B{x' ,t)d^x' . The coupled equations (|1.1D, (|1.2|), 
( |1.3| ), and ( p..4|) define the Abraham model. 

Another variant of interest is to have large and to use a fluid-like description for the particles 
in terms of a distribution function fa{q, v, t) for species a, which is then governed by the Liouville 
equation corresponding to ( p..3|) . Together with (|1.1|) , ( |1.2|) , and the continuum analogue of (|1.4| ) 
one arrives at the Vlasov-Maxwell system. In the limit of small velocities (corresponding to c — > 00) 
this system is well approximated by the Vlasov-Poisson equations |l^. Corrections due to 
radiation damping are studied in [|T^ . 

For charges interacting with the radiation field, as modeled by Abraham, the zero order ef- 
fective dynamics is just the Coulomb dynamics, with the Darwin term appearing as the first 
post-Coulombian (IPC) correction. Both are conveniently summarized through the Lagrangian 
function 

^1 1 1 ^ e e 

1 ^ 

+ ^ E 4^1^"^^ I ■ + I'"" - '^/jT^K ■ K - r^])(u/3 ■ K - M)). (1.5) 

Here r = (ri, . . . ,rAr) and u = (mi, . . . ,un) denote position and velocity of the particles in the 
approximating system, to notationally distinguish them from the "true" positions and velocities 
as governed by (O), O, (|OD, and (Oj). 

In ( |1.5D the kinetic energy is necessarily expanded in \v/c\. For a relativistic particle with rest 
mass m-o we have the kinetic energy T{v) = mo(l — 7"^) — moQ(f/c)^ + |(f/c)^ + 0{{v/c)^)^. 
Within the Abraham model the situation is slightly more complicated. Firstly, the comoving 
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Coulomb field carries some inertia and the bare kinetic energy is renormalized to an effective 
kinetic energy Teg. In addition, since the charge distribution is rigid in the given rest frame, Tes 
cannot be of relativistic form. There is a recent proposal for a relativistic model of extended 
charges coupled to the radiation field, which necessarily also includes their inner rotation, cf. f^. 
If one would carry out the small velocity expansion for such a fully relativistic model. Teg has to 
be relativistic. Instead, for the Abraham model one obtains 



rrir 



mi^a + ^elnie and m* = + ^ e^me, with = ^ J d^k\if{k)fk (1.6) 



The task ahead is to improve the Lagrangian effective equations of motion 

d^/dCB\dCB c( = l N (17) 

dt \ dUa J ' '55 

associated to £d from IPC to 1.5PC. This cannot be a mere addition of extra terms to since 
at 1.5PC the charges loose energy through dipole radiation, which must be reflected by dissipative 
contributions appearing in the dynamics. A formal expansion in |f/c|, some details of which are 
explained in Section ^ below, yields the next-order approximate equations of motion 

The presence of the U/3-terms means that the dimension of the phase space is increased from 6A^ 



for (|1.7| ) to 9A^ for (|1.8| ). As in the case of a single particle, the equations of motion at 1.5PC are 
of third order and admit unphysical runaway solutions with velocities which grow exponentially 
fast in time. To obtain the effective dynamics free from runaway solutions, the standard (formal) 
practice, also used in the analogous general relativity setting, is to regard the ii/j-terms in (|1.8| ) as 
a small perturbation. Therefore one may think of differentiating (the explicit form of) Eq. (|1.7] ) 
with respect to t and of substituting the resulting expression for Ujs back into (|1.8|) , at the same 
time dropping all higher than second derivatives of the r^'s. The resulting equation is 

d / dCr) \ _ dCi) ^ epep> / ep ep' 



X 



■ -{Uf3 - Up.) ■ [rp - rp,) 

\rp-rp,\-^ \rp-rp,\^ 



:i.9) 



for a = 1, . . . , A^. Thus our goal is to prove that the true solution g^, Va is well- approximated by 
a solution of (|1.9|) , up to errors of order If/cl"^. We note in passing that (|1.9| ) implies there is no 
radiation damping at 1.5PC in case the charge-to-mass ratios cp/mp are independent of j3. 

The substitution described above looks like a magic trick, since there is no a priori reason 
to expect that the terms dropped in the end are really of higher order. However, as has been 
recognized for some time, cf. [1TT| , 0, the substitution can be justified rigorously in the framework 
of singular (geometric) perturbation theory. The basic observation is that in ( |1.8| ), transformed 
to the appropriate dimensionless scale, the highest derivatives up carry a small prefactor. The 
solution flow then admits for a repulsive manifold which can be addressed as center-like, since it 
contains the true effective dynamics. On this center manifold there is slow motion corresponding 
to the physical relevant solutions. For initial conditions away from the center manifold the solution 
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trajectory runs off to infinity exponentially fast. Hence ( |1.9| ) has to be interpreted as the lowest 
order approximation to the motion on the center manifold. There is one caveat, however: the 
matrix of coefficients for the ii-term, i.e., the map {iii, . . . ,un) ^ {{^a/Q'^c^) Y.^=i^ 13^13) i<a<N, 
is not invertible. Such a case does not seem to be covered by the standard geometric theory of 
singular perturbations, and we therefore had to supply the missing pieces. 

In we proved that the motion according to the Darwin Lagrangian well approximates the 
true orbit to this order, provided that the initial electromagnetic field minimizes the field energy 
at p, j given through the initial positions and velocities of the charges, cf. ( p.5|) below. As pointed 
out by V. Imaikin we handled the initial slip somewhat loosely. This is no problem at order OPC, 
however at order IPC the desired precision requires us in fact to adjust the data for the charges 
at some later time (rather than t = 0) which is short on the Coulomb time scale but long on 
the microscopic time scale, but still the bounds on the time-derivatives of the solution are needed 



starting from t = 0. We use the occasion to supply a complete proof, see Lemma 3.3 and Lemma 



3]J in Section |^. 

On a formal level, without control of the error term, 2PC has been computed by Damour and 
Schafer [Q. Their starting point is the Wheeler- Feynman action, truncated at 1/c^, with point- 
like charges. The equations of motion are for the charges only and derive from a higher order 
Lagrangian. Working out the same order for the Abraham model, which non-rigorously could be 
handled with little extra effort, one would obtain additional terms reflecting the finite size of the 
charge distribution. 

These formal expansions assume implicitly that for 1 < a < 

\Vait) - Uait)\ < const. \v / c\^ (1.10) 

at 2PC, say. Here Va is the true solution and Ua is the 2PC approximate solution, with |f | 
denoting some average initial velocity. The approximation is supposed to be valid over many 
Coulomb periods. There are two difficulties associated with ( [1.101 ). Firstly, one has to specify for 
which initial conditions this estimate holds, and secondly Va{t) depends as well on the initial data 
for the Maxwell field. Does ([lToD mean that for generic initial data of the Abraham model there is 
some solution of the comparison dynamics such that ( |1.10[ ) holds? In fact we are not able to come 



even close to (|1.10| ). At 1.5PC we will roughly prove a precise estimate in the radial direction of 
the form 

I'VaitY — UaitYl < const. |f/c|^. 



for a = 1, . . . , A^, cf. ( 3.23| ) below, whereas for the phase we only have 

\Va{t) — Uait)\ < const. |f/c|^. 

Thus on the shell of constant kinetic energy our rigorous estimate is not improved as compared to 
IPC. It might be the case that our method is not powerful enough to distinguish such fine details. 
But even on a theoretical physics level it would be of interest to better understand the precise 
claim hidden behind ( |1.10 ). 



In the present paper we will establish the 1.5PC approximation, where the main effort goes into 
a control of the error terms. From our analysis a rather general pattern (presumably valid to any 
order) emerges, (i) At each order higher derivatives in t and higher powers of |rj — Tj|~^ do appear, 
as dictated by their dimension. For example, at 1.5PC a term like iia is dimensionally admitted. Of 
course each term comes with a prefactor which has to be computed from the Abraham model and 
which also might vanish, usually because of symmetry, (ii) From step (i) in the effective equations 
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of motion necessarily higher time derivatives come up and the phase space for the approximate 
dynamics is of dimension larger than 6A^. However, since in the appropriate dimensionless form the 
higher time derivatives carry a small prefactor, the solution flow has a 6A^ dimensional repulsive 
center manifold. The motion on this center manifold can be approximated by a second order 
equation which is the desired comparison dynamics at the given PC approximation. 



2 Scales 

As in any multiscale problem we have to first identify the relevant scale parameter. The dynamical 
equations (p,.l|), (|1.2D, (|1.3|), and ( [L.4| ) are written on the microscopic scale for which distance is 
measured in units of R^, the radius of the charge distribution from (C), and time is measured in 
units of tip = Rtp/ c. On this scale we require the particles to be far apart initially, which means 

|ga(0)-g/3(0)| {a^f3), (2.1) 

and this defines the dimensionless parameter e > 0, e -C 1. It will be part of the proof to verify 
that is preserved in the course of time. In addition we require |wq(0)|/c to be small. To find 
the right order in e, let us for the moment assume 1^0(0)1 = e'^c with 7 > to be determined. 
To see the changes due to self-action and mutual interaction we have to follow the dynamics 
over long times of some order t = e~^t^. Over this time span we obtain a change in position 



Aq = e'^ce ^t^ = e'^ ^Rip, and this should equal Aq = e ^R^ in view of Anticipating that 



the force is proportional to the squared inverse distance, multiplying with the dimensionally right 
factor we find for the change in velocity that Av = {R^/t'^){Aq)~'^t = e'^~^c, which should be of 
order e'^c, by assumption. Solving for 7 and 6 we find 7 = | as well as 5 = |. Thus we require 
that initially 

M0)\ ^ v^c. 



and we have to consider times of order 



. (2.2) 



Again it will be part of our proof to see that over the time span ( |2.2| ) the velocities remain of order 
y/ec. In passing, note that for the Hulse- Taylor pulsar e = 10~^. 

Having settled the initial conditions for the charges we turn to the electromagnetic field. The 
initial field is assumed to have finite energy, i.e.. 



i| {\E{x,0)f + \Bix,0)\') d'x< 



00 



Our picture is that in the neighborhood of the charges through radiation the electromagnetic field 
very rapidly (in a time of order e~^t^) reaches a state of minimal energy at the given constraint due 
to the presence of the charges, the positions of which have been changing only little on the Coulomb 
scale during this time span. In such a behavior has been established for somewhat simpler 
situations. Here we concentrate on longer times and merely assume an initial electromagnetic field 
of low energy. For a charge at constant velocity v the comoving electric and magnetic fields are 

E^{x) = -V0„(x) + c~'^{v ■ V(t>^{x))v and B^{x) = -c"^ v A V(f)v{x), (2.3) 

where (py is defined through its Fourier transform 

Mk) = em/[k'-c-'{k-v)% (2.4) 
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with e = Ca for V = v^. Such fields we call charge solitons (centered at zero with velocity v). If 
g° = ■ • • , ?Ar) denotes the initial positions and f ° = (f 5*, . . . , f^) the initial velocities, then we 
choose the initial fields as linear superposition of the form 



N N 



E{x,0) = E\x) = J2E,o{x-ql) and B{x,0) = B'{x) = J2 B,o{x - ql). (2.5) 

a=l a=l 

We can think of these fields as generated by the charges which have been forced to move freely as 
9a(t) = g° + v^t for -oo < t < 0. 

To summarize, we consider a situation where the charges are far apart (on the scale R^) and 
move slowly (on the scale c) over long times (on the scale t^). On a mathematical level this means 
that the initial conditions and the time span under consideration are e-dependent. As a conse- 
quence, also in the comparison dynamics the initial conditions are ^-dependent. Here e is merely 
a convenient device to order terms according to their magnitude. In particular, nPC translates 
to the order e^"^". An equivalent approach, which will not be used here, would be to rewrite 
the equations of motion on the Coulomb scale. Then the initial conditions are approximately 
e- independent. However, the evolution equations pick up some e-dependence, except for the pure 
Coulomb dynamics which is scale invariant. Through the transformation to the Coulomb scale the 
order would be reduced by a factor e^, and nPC would correspond to order e". 

3 Main results 

In the following we use units for which c = 1. We first summarize the dynamics under consideration. 
The Maxwell equations are 

d d ^ 

—B{x,t) = -VAE{x,t), —E{x,t) = V AB{x,t)-J2^p^{x-qc.{t))va{t), (3.1) 
with the constraints 

N 

V ■ E{x, t) = J2p^{x- gjt)), V • 5(x, t) = 0. (3.2) 

a=l 

Here we have introduced the shorthand notation 

Pa = ea<-p, 

and (f is assumed to satisfy (C). The Lorentz force equation is 
d f 

-^(rn^alaVait)) = J d^x Pa{x - qa{t)) E{x,t) + Va{t) A B{x,t) , 1 < < iV, (3.3) 

where 7^ = (1 — f^) The initial conditions for the electric and magnetic field are given by 
(^.5[), and for the initial positions g° = ga(0) resp. the initial velocities Va{0) = f° we require 

Ci£"'<l9°-g?l<C2^"' («7^/3), (3.4) 
for some constants Ci, C2 > 0, as well as 

K\<CsV^ (3.5) 
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with C3 > 0. 

To order OPC the comparison system is governed by the Coulomb dynamics 



d /dCc 



dt V dua 

with Coulomb Lagrange function 



dCc 



a 



l,...,iV, 



(3.6) 



^1 1 ^ e e 

OL = l ^ ^ a,/3 = l I'a '/3| 

where r = (ri, . . . , tat) and u = {ui, . . . , Mat). Because of the Coulomb singularity the solution to 
( p.6| ) may exist only for a finite time, either because two particles collide or since one particle is 
being expelled to infinity. To formalize this, for given data {fa^'^a) denote tc e]0, 00] the first 
time for which either lim^^^- \ fa{t) — rf3{t)\ = for some a ^ (3 or lim^^^- |fa(t)| = 00 for some a 
holds for the corresponding solution {f(t),u(t)) of ( P^ ) with data {f^,u'^)- 

Our first step is to conclude from ( p.4| ) and (|3.5| ) that if under the Coulomb dynamics (|3^ ) 
there is no collision/expulsion, the same holds for the full system. 

Lemma 3.1 Let the initial data for the Abraham model satisfy ^3.4\ ), (^^), and ( \2.^ . We intro- 
duce 

fO=£gO and m° = e'^/X, a = l,...,N, (3.7) 



as data for ( [3.6^ ). Moreover we fix 60 G]0,rc[ and Tq > 0. Then there exists a constant > 
such that 



C^e-^ < inf 

te[0,mm{rc-<5o,ro}e-3/2] 



(3. 



(3.9) 



Lemma 3.2 Let the initial data for the Abraham model satisfy l \3.4\ ), 3i) , and Moreover, 
assume that 



\qait) - qfsit)\ (a ^(3). 

See Appendix C, Section |, for the proof. In the following we write 

T = min{rc - So,To}. 
Next we remind a result which has been obtained in [|13|, Lemma 2.1]. 



C,6-^ < inf 

te[0,Te-3/2] 



\qait) - qpit)\ (a ^(3), 



(3.10) 



with T > from ( \3. ^ ) (or any other T). Then there exist constants C*, C^, > such that 

\qait)-qpit)\<C*e-' (aj^P), (3.11) 



C,6~^ < inf 

tG[0,Te-3/2] 



\(la{t) - qf3{t)\, sup 

te[o,T£-3/2] 



and for a 



1,...,N 



sup 

iG[0,Te-3/2] 



(3.12) 



are satisfied. In particular, sup(g[oTe-3/2] |fa(t)| < f < 1 for some v. Moreover, there is C > and 
e > such that for a = 1, . . . , N we have 

sup |i'Q(i)| < Ce"^, 
te[o,T£-3/2] 



(3.13) 



provided that \ea\ < e, a = 1, . . . , N . In ( \3.1]\ ), (\3.12J , and ( \3.1^ ), the constants C and e do 
depend only on T and the bounds for the initial data, but not on e. 
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In the situation described in Lemma |3]^ we set 

tQ = A{R^ + C*e-^). (3.14) 

The bounds from Lemma |3.2| also lead to a bound on the |gQ,(i(:)|, since for e g]0, 1] we have 

\qo.{t)\ < \qa{t)~ql\ + \ql\<C,.fet+\ql\ 

< (C^T + ^max^ \ql\)e'^ =: Cge-\ t G [0,Te-^/^]. (3.15) 

It is moreover possible to establish an a priori estimate for the Va{t). Defining 

r,, = {Cj8)e~\ (3.16) 

we have the following result. We remark that t^^ could be replaced by any other time of order 
O(e-i). 



Lemma 3.3 Under the assumptions of Lemma \3. ^ , including the smallness hypothesis \ea\ < e, 
a = 1, . . . ,N , there exists a constant C > such that for a = 1, . . . ,N we have 

sup \Va {t)\<Ce^l^ and sup \Va{t)\ < Ce'^'^. 

ie[0,Te-3/2] te[r..,Te-3/2] 



Proof : Our handling of this estimate in [|T^ was somewhat inaccurate, since some expressions 
resulting from data terms at time t = do not vanish, which have been claimed to be zero; cf. also 
the remarks in the Introduction. It then becomes evident that the desired bound of order (9(e^/^) 
can not hold directly from time t = 0, but only after some initial time t = 6~^, which is still 
enough for our purposes. The argument will not be expanded here, as it is follows similar lines as 
the proof of Lemma below, where an analogous problem arises. □ 



In order to expand the dynamics up to the order of radiation reaction, we need to have control 
of one further t-derivative. Thus a main issue will be to verify the following lemma. 



Lemma 3.4 Under the assumptions of Lemma |J. ^ , including |eQ,| < e, a = 1, . . . , A^, there is a 
constant C > such that for a = 1, . . . , N we have 

sup I Va {t)\ < Ce^. 
te[6r„,r£-3/2] 

The rather technical proof is given in the Appendix A, Section |^. It turned out that the principal 
method used in [|Tl], |12|, |1^ needed to be improved in a substantial manner in order to be applied 
here as well, which is mainly due to the "bad" decay properties of solutions to wave equations in 
the vicinity of the light-cone. 



Using Lemma |3.4| as a key ingredient, it will then follow from Lemma |4.6| that 



where £d is the Darwin Lagrangian from ( |1.5|) which governs the system up to order 0{e^), cf. 



As comparison effective dynamics we hence introduce ( |l.(j| ). It can be verified that along solutions 
of this system ( |1.8| ) the "energy" 

^ eaen 

HRR{r,u,u) =H-D{r,u) - V — Ua-ii/B, 

a,/3=l 
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with 



^1 3 1 ^ 



a=l 



AT 



4vr|r„-r;3| 

is decreasing, more precisely one obtains 

d 



Up 



Ur 



Up 



(3.18) 



dt 



n 



RR 



1 

Qtt 



N 

E 



(3.19) 



Due to the presence of runaway solutions in (|1.8|) , the data for ( |1.8| ) in the data space IR' 
IR X IR X IR leading to physically reasonable solutions have to be singled out. In Section 
^ we will accordingly construct a kind of center manifold for ( p..8| ) on which the true effective 
dynamics takes place and which is locally invariant for ( |1.8D , in the sense specified in Theorem ^ 



It will moreover turn out that the true effective dynamics (on the center manifold) of solutions to 
the full system is approximately described by a second order system of ODEs, cf. (|3.22| ) below. 
Note that the existence of runaway solutions does not contradict ( |3.19D , since TYrr in general may 
be indefinite. 

Our main result is the following theorem. 

Theorem 3.5 Assume the data {q^-,v^, a = 1, . . . ,N , and E^{x) and B^{x) are such that ^3.40 , 
(^■3[ ), and (^.d^ ) are verified. Define tq, 5q, and Tq as in Lemma \3. 1\ and introduce T through 
^3. Qj ). Then Lemma \3.1\ implies the existence of > such that ( \3. 8^ ) holds, and this in turn 
yields the existence of suitable constants such that the bounds from Lemmas \3.^ , \3. and 3J_ are 
satisfied, provided that \ea\ <e, 1 < a < N . Moreover, t^ from (\3. 14 ) is defined. 
In this basic setup we denote 

K, = [{r,u) G IR^^ X IR^^ : |r| < ACge-\ \u\ < 4C^v^}, 

with Cq from l \3.1^ and C^, from l \3.12{ ), respectively. Then there exists ei > and for each 
e E.]0,ei\ a C^-function h;; : ^ IR^ with the following property. Consider the true solution 
(qait) , Va(t)) resulting from ([1.4 ), (\3- 1\), l\3.^ , and and the solution {ra(t),Ua(t)) of ( 177^ ^ 

with data 

ra{to) = qa{to), Ua{to) = Va{to), and iiaito) = he{qa{to),Va{to)y (3.20) 
for 1 < a < N . Then {ra{t),Ua{t)) exists at least for t E [to,Te~^^'^], and the estimates 

Wait) - r,(t)| < CVE, Mt) - u^(t)\ < Ce\ \v^{t) - u^{t)\ < Ce''^ (3.21) 
hold for t G [tQ^Te^^/"^]. Moreover, along such solutions of the effective equation \l.d[) we have 



dt V dur. 



dCp _^ _e. 



N 



epcp^f ep_ _ epi_ 



y 

127r ^ 47r Vrng 

11,131 = 1 P 



X 



-{Uj3 - Up:) 



■^/3/3' ■ {up - Up')^pp' 



0(£^/2) (3.22) 
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for a = 1, . . . ,N and t G [to, Te '^/^]. In addition, with TYd from l\3.18[ ) we obtain 
nB{q{t),v{t)) -n^{r{t),u{t)) < Ce\ t G [t^,Te-^'\ 



(3.23) 



Remarks 3.6 (a) In fact for every A; G IM with A; > 4 it can be achieved that he is of class C^, 
with £1 possibly having to be decreased further. 

(b) The functions h^ do depend only on the input constants Ci, C2, C3, rc, ^o; and Tq. 

4 Expansion of the Lorentz force term 



Due to the bound on Va from Lemma p.4| it is possible to rigorously expand the Lorentz force 

(4.1) 



Fa{t)= J d^xpa{x-qa{t))[E{x,t)+Vc,{t)AB{x,t)] 

up to the order of radiation reaction. In view of ( |3.1| ) and ( |3.2| ) we have 

E{x,t) = E'^^\x,t) + E''''\x,t) and 5(x,t) = 5(°)(x,t) + 5(")(a;,t), 



with 



E^^°\k,t) = cos\k\tE{k,0) -i 

B^o\k,t) = cos\k\tB{k,0) +i 

E^'\k,t) - 

B^'\k,t) : 



sin 


k\t 




k 









kAB{k,0), 
kAE{k,0), 



* ,,,, , - , • /■* , sin|A;|(t — s) 
as cos\k\[t — sj j{k, sj + t / as j— p{k,s)k, 



sin 


k\t 




k 





\k\ 



. , * sm\k\(t — s) , - , 

-t I ds ^-kAj{k,s), 

\k\ 



where j{x,t) and p{x,t) are given by ( |1.4| ), with c = 1. Accordingly we write Fa{t) from ( [4.1| ) as 

Fa(t) = / rf=^a;p„(x-g„(t))[E(°)(x,t)+i;„(t) Afi(°)C^,i)] 

+ y rf3xp«(x-g«(t))[E(")(x,t) +t;„(t) A5(")(x,t)] 
=: F^'\t)+Fi^\t). (4.2) 



With to = 4:{Rip + ^) from (|3.14|) we first recall from |T^, Lemma 3.1] the following result 
concerning Fj^\t). 

Lemma 4.1 Fort G [to,Te-^/'^] we have Fj^^\t) = 0. 

Applying the Fourier transform and noting p„ = ea<^, it is moreover seen that the contribution 
Fa Ht) to Fa{t) resulting from the retarded parts of the fields is 



TV 



Fi'\t) = elFi:}{t) + j:eae,Fi^^{t) 



(4.3) 



(3=1 
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where 

Fi'^it) = J^ds J d'k |y(fc)|^e--^-[g"W-'^/^(-)l I - cos \k\{t - s) vp{s) + i ~ fc 

-^^^^^^|^^^«(t)A(fcA.,(.))}, (4.4) 

fora,/3 = l,...,Ar. 

4.1 Expansion of the self-force F^^{t) 
For t e [to, re~3/2j j^^^^^ 

f I, I r • 1 .. 2n ■ sin \k\T , 

X I - COS |fc|r [tJq, - VaT + - fo-r J + I — — k 

-I v^^{k^ K - VaT])^ + O(e'), (4.5) 

with Va = Va{t), etc. The proof of this formula will not be elaborated. It proceeds similar to the 
proof of Lemma [4.3| below, cf. also [§, Arguing formally, we utilize 



in (|4.4| ) with a = /5, where r = t_— s. To make this argument rigorous, it is necessary to observe 
that /o c?s(. . .) = jl_ids{. . .) = J^dT^. . .) for any t,i > as it follows in case that a = P from 
condition (C) by transforming ( [4.4| ) back to space variables, cf. Lemma [4.3| . With the notation 



/„ = /* ^^ sm(|A;|r) ^.,(fc.,^)^^p^ ^ r* c/r cos(|A;|r)e~'(^-''")V^ p G INq, 
JO |fi;| JO 

we may reformulate ( [4.5|) as 

i^i'j(t) = hm - y rf^A; |(^(A;)|^ |t;„Jo - ?)„Ji + ^(A; ■ Va)vaJ2 + ^VaJ2j 

+ / d'^k \0{k)\^ i ^ [(1 - ^^a)fc + {k ■ Va)Va\Io + i [{Va " Va)k - {k ■ Va)Va]h 



■^{k ■ v^)[{l - vl)k + (k ■ v^)vo]l2 + ^{k ■ v^)kh \ ) + 0{e*). 



with 



=: Fl^lM + F^:lne.{t) + 0{e% (4.6) 

Note that due to the fact that only terms up to order 0{e^) have to be taken into account some 
expressions appearing in ( ^l5|) have dropped out when passing to (|4.6| ). Compared to the expansion 
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of Fj^^it) up to order O^e^^'^) in |]T3|, (3.6)], we have picked up the two additional terms denoted 
-^ia.newl^)' which both coutaiu Va- From [|13|, (3.7), (3.8)] we know that 

^Soid(^) = - + ^ vi^m^v^ - ^ m,{v^ ■ v^)v^ + 0{e^), (4.7) 

where rrtg = | / c^^^ 1*^(^)1^^"^) cf. ( |1.6| ). To evaluate the contribution of the new term, we recall 
from [|12|, Lemma 4.3] that 

lim / d!^k\^{k)\^ J2 = r dTT^ [ d^k\^{k)fcos{\k\T)e ^ 

t-^co J Jo J 

where 7q = (1 - vly^^"^. In addition, (^ ■ Vt,)V^/i = -(A; ■ ^kl^ for ^ G IR^, and also 

hm [ Sk\m\'h = ^ll 

due to p. 637]. It follows that 

11 11 

= -ii}, + 0(£4), (4.8) 
67r 

the latter by expanding 7^ = 1 + 0{e). We can summarize ( |4.7] ) and ( [1.8| ) in the following lemma. 
Lemma 4.2 Fort G [to,F£~^/^] we have 

\3 15 / 15 67r 

4.2 Expansion of the interaction force F^p{t)^ a ^ (3 

We return to ( |4.4| ) and consider Fj[f^{t) for a ^ (3. The main difference to Section [4.1| results from 
the fact that now E,a(3 '■= Qait) — Qpi^) = C^(^~^)) cf. Lemma p.2| . This point in conjunction with 



Lemma p.4| also plays the key role in the proof of the following technical lemma whose proof is 
postponed to Appendix B, Section ||. 

Lemma 4.3 Let 1 < a, P < N , a p . For t G [to,Te-^/^] we have 

(a) -J^s J £k\0{k)fe-"'-^'J-^'^-''^^'^^ cos \k\{t- s)vp{s) 

= -J dr J d^k\(^{k)fe~''''^'^i^ cos \k\T l^v 13 - ir{k ■ v/3)v 13 - TV /3 + ^r'^^k ■ V/3)vf3 

-^^'(^ ■ v^fvp + iT\k ■ vp)vp + \r^vp^ + 0{e^), 

(b) itds [ d'k |^(A;)|^e-^-t'^"W-'^^Wi '^'f^ ~ 

Jo J \k\ 

= 1 Tdr /d3^|<^(A;)|V*'=-«"^^^^^A;(l-^fc- U«--r% + 
Jo J I '-2 6 
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Here Va = v^it), etc., and = qa{t) - qpit)- 

These expressions will be substituted back into (|4.4| ). To simplify notation, we introduce for p G INq 



A,:= dr J d'k\m\'e-''-^-^^-^^TP = (An)-' j j d\d^y ^{xMy)\i^p + x - 
and 

Bp := J"^ dr J d^k\0{k)fe-'''<-^ cos{\k\T)TP 

= i-p)iAn)-' I j d'xd^y^{x)^{y)\i^p + x-yr^ = {-p)Ap.r 

Hence it follows from Lemma 4^ that for a ^ (3 and t G [tQ^Te~^/'^] we have 



+Va A {V^Ao A v^) -v^A (V^Ai A Vf^) + A (V^ A {v/s ■ V^)^!^;^) + 0{e^) 

1 1 1 o 

= -vp{v^ ■ Vg)5i + vpBi - -B2Vp - V^Ao + -{vp ■ V^)V^A2 - -{vf^ ■ V^YV^A2 

■ vp)V^A^ - vp{v^ ■ Vi:)Ao + 0{e^), (4.9) 

where in the last reduction we have used that Ai = {Att)^^, B2 = — (27r)^^, and Bq = 0, hence in 
particular V^Ai = V^B2 = 0. We rewrite (|4.9| ) as 

F^it) = F^Mt) + i^Sncw(i) + 0{e'), (4.10) 

with 

FitneJt) = -\b2Vp - ^-{vp ■ V ^A^ + \{vp ■ V^){vp ■ V ^A, - ^{vp . V^fV^A, (4.11) 



being the new radiation reaction contribution compared to our expansion up to order 0{e^) in 
13| . According to [|13], Section 3.2] we have 



FSMt)=9c.,{t) + 0{e'), (4.12) 
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where 



9af3it) 



jl W + 13 ^^/3, With = - qp{t) 



(4.13) 



We recall that for proving ( |4.12| ) the most difficult part is to show that 



4vr|ea 



/3| 



n+ 



\n + 



x—y 1 3 



with n = ^a/s/l^a/sl- However, this turns out to work well by expanding ip^R) = {n + R)/\n + R\^ = 
n + R — 3(n ■ R)n + 0{e'^), where R = {x — y)/\^ai3\ = d{e) for \y\ < R^, and by noting that 
/ / d'^x d^y (p{x)ip{y){x — y) = 0. Therefore we only have to consider the new part F'^p^^^^{t) from 
( [4.11| ). To begin with, we recall that B2 = —2A\ = — (27r)^^. The following lemma deals with the 
remaining terms. 

Lemma 4.4 For a ^ (5 and t G [0,T£:^^/^] the following holds. 

(a) i(i;/3 ■ Vi.)V^A^ = j^^/J; and 

(b) {vp ■ V^)ivp ■ \/^)\/^A-i = = ivp- V^fV^A^. 

Proof: We have ^3 = {4:Tt)^'^ J J d^xd^y (f{x)(f{y)\C,ai3 + x — yf, and therefore 



27T 



d^xd^y if{x)if{y) (c,ap + x - = ^ 



the latter in view of / / d xd y ip{x)ip{y){x — ?/) = by the symmetry of (f, cf. condition (C). □ 

Turning back to Fj[^^^^^{t) from ( |4.11| ) we hence have shown that for a 7^ /? and t G [to,Te~^^'^] 
the estimate 



.(0 



OTT 



holds. In view of ( [4. 101) and (|4.12|) we arrive at the following lemma. 
Lemma 4.5 For a ^ (3 and t G \tQ,Te~'^^'^] we have 



with Qapii) given by ^j.F^ . 
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4.3 Summary of the expansion 

From Q, and Lemma U we see that = ^^(t) for t G [to,T6-^/% Thus Q, 

Lemma ^.21 , and Lemma can be summarized as follows. For t G [to,Te~'^^'^] the Lorentz force 
Fa{t) from (|4.1|) allows for the representation 



Fait) 



4 _8_ 

3 ^ 15 



16 



N 



- + — vl)elm^Va - — elnieiva ■ Va)va 



6^ p=i 



N 



Gaiq,v,v) = ^eaCpgapit) 



AT 



2ie 



a/3 1 



+ 7TT7 



2ie 



a/3 1 



21^/: 



a/3 1 



, I K-ea/3) 

?a/3 H 17 1^ 

I4a/3r y 



(4.14) 



with to = ^{Rip + C*£ ), cf. ( |3.14| ), and ^a/3 = gQ(t) - g'/3(i!:), Va = fa(t), W/3 = Vf^it), etc., and 
moreover me = | / d^k \ip{k)fk~'^. 

Expanding 7q, = 1 + + (^(e^) and 7^ = 1 + 0(e) in the Lorentz equation ■^{mi^a'yaVa) = 
fnhai'JaVa + 7a ("^a " VajVa) = Fa{t), cf. ( |3.3| ), and recalling iria = m^a + fe^me as well as m* = 
"^ba + jfe^me, we thus have deduced the following main lemma. 

Lemma 4.6 For I < a < N and t G [to, Te"^^"^] we have 



N 



Ma{va)va = Ga{q,v,v) + epVfi + C(e^), 

6^ /3=1 



(4.15) 



whereGa is given by (^T7^, and Maiy) is the {?> x?,) -matrix Ma{y){z) = {ma + \rn*^v'^)z+rn*^{y-z)v 
for v,z e IR^. 

Note that ([4.15|) agrees with (|3.17|) , as may be verified through explicit calculation. Introducing 
the transformation 

ga(r) = eqaie-'/'r), Va{r) = e-'/\a{e-'/'r), 
t^air) = e-Haie-'^\), ^a(r) = e-'^'vaie-'/'r), 



we arrive at the following version of Lemma |4.6| . Here and henceforth we drop the overbar for 
simplicity, and r will also be denoted by t. 

Lemma 4.7 For 1 < a < N and t G [£^/^to,T] we have 



N 



6^ /3=1 



(4.16) 
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where Ga{q,v,v,e) G IR^ is defined as 



Ga{q,v,v,e) = ^51^/3 1 



+ 7777 



/3| 



/3| 



and MQ,(f,e) zs i/ie (3 x 3)-matrix given by 



Ma{v, e){z) = {rria + -m*f + em* (f ■ z)v, v, z E M^. 



(4.17) 



(4.18) 



We remark that on the scale utihzed in Lemma \i.T\ , all quantities ^a/s, Va, Va and Va are of the 
order C(l). 



5 Construction of the center manifold 

In this section we are going to construct a kind of (locally) invariant manifold of solutions to the 
effective system 



N 



Maiua, e)ua = Ga{r, u, ii, e) + e^^^ V epUp, 1 <a < N 

OTT 



f3=l 



i.e., to ( [4.16|) without the error term 0{e'^). We define 

Ko = [{r,u) G IR^^ X 1R3^ : |r| < 4C,, \u\ < 4^}, 



(5.1) 



(5.2) 



with Cq and from ( |3.15| ) and ( ^.121 ), respectively. We are going to prove the following theorem 
concerning ( |5.1|) . 



Theorem 5.1 For every G IN with k > A there exists Si > and a C'^ -function h : [0, £1] x Kq 
JR^^ such that 



le = {{r,u,u): u = h,{r, u), (r, u) G Kq} C 1R^^ x IR^^ x IR^^ 



(5.3) 



is locally invariant for ( |5. in the following sense. Consider given data (r(ro), 'u(ro), 'u(ro)) G 

^3N ^ ^3N ^ ^3N ^ ^^^^ ^^^^ 



u{to) = hs{r{To),u{To)j, |r(ro)| < 2Cg, \u{to)\ < 2Cy, and 
{CJ2) < |r,(ro) - r^(ro)| < 2C* {a ^ /3), 

hold. Then the corresponding solution {r(t),u(t),u(t)) of ( |5. ]\ ) with this data at t = tq exists at 
least until Ti > tq and satisfies 

u{t) = he{r{t),u{t)), tG[ro,ri], (5.4) 
where T > ti > tq denotes the longest time such that 

\r{t)\ < 3Cg, \u{t)\ < 3a, and {CJ3) < |r,(t) - rp{t)\ < 3C* {a ^ /3), (5.5) 
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are valid simultaneously, fort E [ro,Ti]. Moreover fort G [To,ri] we also have 



N 

/3=1 



N 



- e/sCfS' / 6/3 6/3/ 

2^71, 47r Vm/3 nifs' 



(5.6) 



rem// .^/j/j' = — r/j/. T/ie constant C > defining 0{e), i.e., | . . . | < Ce, does depend only on the 
input constants Cq, Cy, C^, C* , and T, but not on ti < T. 

In order to build the center-like manifold described in the theorem we cannot specify particular 
data, whence we are forced to a priori smoothen out the Coulomb singularity and to introduce a 
bound for Ua- Thus rather than with ( |5.1| ) we will be dealing with the regularized problem 



N 



OTT — 



(5.7) 



/3=1 



where M^^{ua,£) and G^^^(r,u,u,e) are obtained from Ma{ua,£) and Ga{r,u,u,e) by replacing 
all Ua by u^^^ and all C,ai3 by ^^^p, respectively, with 



= Xl{\Ua\)Ua and = X2(|Ca/3|)W- 



(5.^ 



Here xi '■ [0, oo[-^ [0, 1] is a smooth function such that Xii^) = 1 for s G [0, 3C„] and Xi{^) = for 
s G [4C^,cx)[, whereas X2 :]0,oo[— >• [0,cx)[ is smooth and such that X2{s)s = s for s G [C*/3,3C*] 
as well as X2{s)s G [C*/4, 4C*] for s G [0, oo[; the constants C*, C*, and C„ are those appearing in 
Lemma E3.21 We also note that 



u 



reg 



<4a and C,/4< Q 



< AC*. 



(5.9) 



To rewrite 

P : {MY ^ i^Y 
Then ( |5T7| ) reads as 
with 



we introduce the linear map 



N 



for z 



l<a<N 



3\N 



l<a<N 



l<a<N 



G {JR 
G (IR 



3\N 



and 



3\N 



(5.10) 

(5.11) 
(5.12) 



At this point we observe that ( p.lO| ) does not present a singular perturbation problem of standard 
form 

i = fix,y), ey = g{x,y,e), 

where we think of x = (r, u) G 1R=^^ X 1R3^ and y = ii E IR^^, due to the presence of P which has 
dim(range(P)) = 3 (assuming that Cq, 7^ for all a). However, ( ^.10|) can be suitably transformed 
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and cast in standard form, but with different variables. To see this, we first diagonahze P by 
means of the matrix A : (IR^)^ (IR^)^, 

Az = (ea^l)^^^^^ + (62^2,63^3 - 61^2,64^4 - 62^3, • • -jeNZN " eN-2ZN-l, -eN~iZN) (5.13) 

for z = (zi,...,Z]y) e (IR^)^, being composed of the eigenvectors of P as columns; note the 
eigenvalues are A = := Y.a=i (3 times) and A = (3A^ — 3 times). Then 

N 

A*Z= (^Yl ^"^a' ^22:1 - 612:2, 632:2 - 622:3, . . . , CnZn-I - Cn-IZn), (5.14) 

and it can be verified that 



A'PAz = ^{z,,0,...,0), 
as a consequence of Ylp=i 6/3(^-2)/? = 6^21. Hence we can introduce the equivalent variables 

r = AT, u = Au, u = Au, 'U = y4ii, (5.15) 

to transform ( p.lU| ) to 

e^/2(ui,0,...,0) = $(r,u,u,£), (5.16) 

with 



$(r,u,u,e) = 67re-M*(M''^s(M,M,e) -G"^"S( 

= 67Te-^A'(^M'''^{Au,Au,e)-G'''^{AT,An,An,e)). (5.17) 

Writing $ = i^a)i<a<N ^ (IR'^)^, our strategy is now to solve the (A^ — 1) equations 

= $2(l,u,u,£), = <l>Ar(r,u,u,£:), (5.18) 

each in IR^, for the (A^ — 1) variables (u2, • • • ,UAr), also each in IR^. This will yield a solution 
function 

: 1R=^^ X 1R=^^ X 1R3 X [0,£o] ^ IR'^"', (u2, • • • ,Uiv) = Hs^d, u, u^, e) 
i.e., we will have 

= ^'2(r,u,Ui,ll2Ar(r,u,Ui,e),e), = <l>Ar(^r,u,Ui,U2Ar(r,u,Ui,e),e) (5.19) 

for (r,u,ui,£) e IR^^ x 1R=^^ x IR^ x [0,eo\. Setting x = (xi,X2) = (r,u) e IR^^ x IR^^ and 
y = Ui G IR^, in view of ( |5.16|) we then need to solve 



X = (u,u) = (u,Ui,lJ2Ar(r,u,Ui,£:)) = (x2>I,U2Ar(x, j,£:)) =: /i(x,y,£:), (5.20) 
£3/2^ = '^i{L,R,Ri,]l2N{l,]l,'ili,£),£) = '^i{^,Z,112n{^,Z,£),£) =■■ 9iU,Z,£), (5.21) 

which turns out to be a standard singular perturbation problem, up to the factor of y which is e^/^ 
rather than e. To achieve the latter, we transform 

x(t)=x(v^t), j/(t) =y(v/it), 
18 



and arrive at the system 

i = \^fiix,y,e) =: f{x,y,e), ey = gi{x,y,s) =: g{x,y,e), 



(5.22) 



which is of standard form and can be shown to allow for the existence of a (locally) invariant 
manifold if e > is small enough. 

To carry out this program, we first have to investigate the solvability of ( |5.18| ). 



Lemma 5.2 There exist > and a smooth function '■ IR^^ x IR'^^ x IR'^ x [0, £0] 
{m.2, . . . ,Un) = U2N{ll,u,Ui,e), such that ^^^T^ is satisfied. 



IR' 



3Af-3 



Proof: With z = M'^^iAn, An, e) - G"''=s(Ar, Au, An, e) G IR^^ we need to solve 

= 62^1 - 612:2, = 632:2 - 62^3, = 64^3 - 632:4, . . . , = CnZn-I " Cn-iZn, (5.23) 

for (u2, • • • ,UAr), cf. ( p.l4| ). According to ( p.ll| ) and ( p.l2| ) we have 

Za = M^^s ((/lu)„, e) (Au)^ - G'^^ (Ar, Au, Au, e) G 1R^ 1 < a < A^. 

To decompose z^ appropriately, we introduce the notation u = {ni,r]) G IR'^ x IR^^~^ with r] = 
(u2) • • • ) Utv)) and accordingly we split Au = AiUi + A2NV for suitable linear Ai : IR^ — > IR'^^ and 
A2N ■■ IR^^"^ ^ IR^^, as given in (15131) . From the definition of M^^^ and G'^^, cf. ( CT) , (CT) , 
and (5^), we then obtain 

M^:^ {{AnU e) (An)^ = m„ [An)^ + e ((Au)-^) ' + ((Au)-^ ■ (An)^) {An)l 



ma{A2NV)a + 



m„(AiUi)„ + |m;((Au)-s) 



G'^^[AT,An,An, e 



+£m;((Au)-g ■ {A^)x,)o){Anr:^^ + eml 
m^{A2NV)e. + M(i) {{AnY:^ (AmOa, e) + eMf ((Au)^J's, {A2nv)c. 

6 ^ C f, 

'-■a Sap 



N 



+e 



An 



13=1 



+ 



((Au) 



2|C 



a/9 1 



reg 

/3 



2|Ca/; 



■Call 



IC 



a/3 1 



3((Au)-g-C./3 

2|Ca;3|^ 
Ca/3 + 



■,a/3 



((AU)-*^- ■ (AU)-^) ^ , ((AU)L^^-Ca^(^^^reg' 



IC 



a/3 1 



with 



(Ar) + eGi^) (Ar, As^vr/) + sG^^^ {Ai, {AnY^\ A^i) , 



Cap = X2{\{At)^ - {AT)f,\) [(Ar)„ - {At)^ 



(5.24) 



19 



cf. ra, and 



3' 



((^2iVr7)/3 ■ Cap) 



(3= 



In view of ( p. 91 ) we note the bounds 

Mj^'\{Auy:^ {A2NV)a)\ + \G'i\AT,A2Nv)\ < C\v\, l<a<N, (5.25) 

which are vahd for all (r, u, r^) G IR^^ x IR^^ x 1R^^~^. Omitting the arguments and recalling 
( p.l5 ), the equations from ( |5.23|) can be rewritten as 



= (e2mi + e2m2)u2-eie3m2U3 + e(e2Mf^-eiMf^)+£(eiG'f -eaCf^) 

+ (eiGf - e,Gf^) + {eM'' - eM'') + e{e^G^^ - 62^^), 
= -61637712 U2 + [elm2 + 62m3)u3 - 62647713 U4 + eiesM^^^ - 62MP) + e(e2G'i^ - 636*^^^ 

+ (62Gf - 63Gf ) + (63M2« - 62Mi^)) + .(e2G« - 63^^ 



'2 h 



= -62647723U3 + (elms + 637724)114 - 6365777,4115 + eie^M^ - esM^^ + eie^Gf^ - e^Gf^^ 
+ (63Gr - 64Gf ) + (64Mi^) - cM'') + <e3G« - 64G«^ 



= -6Ar_26Arr77Ar_i U^_i + (6^777Ar_i + 6^_i777Ar)ujv 

+ e[eNMSU - 6^_iMg)) + £(6Ar_iGg) - e^G^^l,] 
+ {e^-.GP - 6^G'S)_i) + {e^M^^l, - e^^iM^j^^) + £(6^-iGS^^ - 6jvGS^Li). 

Note that this is a linear system for 77 = (U25 • • • ^Uat), since both M^^^ and G^^^ do depend on 7/ 
linearly, whereas M^^\ G^^\ and G^^-* are independent of 77. Accordingly, the system has the form 

Q = M^^^r] + eM^'^\i,]x)r]-n{i,]i,iii,e), (5.26) 

with the (3A^ - 3) x (3A^ - 3)-matrix M^^^ = M^^\ei, . . . ,6Ar,7?7i, . . . ,777Ar) being defined as 

M^^\ = (^{elmi + 617712)7/2 - 61637772773, -616377727/2 + (637772 + 637773)7/3 - 626477737/4, 
-626477737/3 + (elms + elm^r]i - 636577747/5 , . . . , 



-6Ar_26Ar77liv„i7/Af_i + (e^mN-l + 6^_i77liv) T/jy j , (5.27) 

and moreover 

7^(r,u, Ui,£) = (6„g1°1i - 6„„iGi°) + 6,_iM(i) - 6„M^i + £6,Gi'li - £6„_iG(,^)), 



'2<a<Af 
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By ( |5.25| ) we have 



A^(2)(r,u)r7| < C\r]\, {T,u,r]) e IR^"^ x IR^^ x IR^^-^, 

i.e., lA^'^^-'d, u)| < C as a linear map, uniformly in (r,u). Choosing e > small enough, hence 
( p.26| ) can be solved for t] (even explicitly by means of a von Neumann-series), as soon as we know 
that Ai^'^^ is invertible; this is verified in Lemma ^.3| below. The associated solution function U27V 
is smooth w.r.t. all variables since, due to regularizing, (a/s is a smooth function of r. □ 



Lemma 5.3 Denote M'-^^ = M^^'^ G jf^(3Ar-3)x{37v-3) matrix defined by Then 



detA<(°) 



r / A^-l 



N N 



ns')(E»m".) 

j=2 ^ ^ 1=1 i=i ^ 



1 3 



> 0. 



Proof : The first observation to make is that det Ai 



(0) 

N 



A 



N 



( elmi + elm2 -61631712 

-61637722 6|?772 + 627773 -62647773 
—6264^.3 64^-3 + 637774 



det An , where 






V 

this can be verified by induction. Hence we need to prove that 

det^^ = ( ne?)(Ee?n" 



e IR 



N-l. 



. 6%mN-i + 6%_^mN J 



(5.28) 



For = 2 we have det ^2 = A2 = e^rrii + 6^7712, whereas for = 3 we calculate det ^3 = 
62(6^77727773 + 62?77ir773 + 6|77ii7772), thus ( [5. 28] ) is Satisfied. If this is already known for some A^, then 
det^iv+i = (6^^_i77iAr + 6^77iAr_,_i) dct — 6^_i6^_,_i777^ det ^Ar_i and the induction hypothesis 
lead to 



,N-l \ / N N . 
det^AT+l = (6^+imAr + 6^ 777Ar+i)f J]^ 6^U E6^]^ 777i j 

^ i=2 ^ ^ 1=1 ^=l ^ 



^Tv-i^Af+i^^jv I n ^ 



N-l 



N-2 

j 

i=2 



N-l N-l 

E n ^ 

j = l i = l 



. N-l N 



7=2 ^ ^ »=1 ^ 7 = 1 i=l 

i=/=N 

, N N s 
+ 6^ 777Ar+i ( E 11 "^0 
i=l »=l 

777Ar f n ) + ^N+i ( E n 

^ i=l ^ ^ 1=1 i=l 



2 2 
e-N+l'I^N \ ^ -J 



N-l N-l 

E A n 



N 

n 

J=2 



AT 

n 

i=2 



Af+l Af+1 

j=l i=l 



777i 
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completing the proof of ( |5.28| ). 



□ 



The next step is to study the second equation in (|5.22|) for e = in greater detail. 
Lemma 5.4 For e = the equation g{x, t/, 0) = is solved for u = ki by the function 



ho{x) = hoir, u) = hoif) = - ^^^^ = ^ 



l<a</3<Ar 



cf. also ( \5.24 )- Moreover, the eigenvalues of Dy_g{x, ii,0) E IR^^^ are ^J2a=i^a''^a > (3 times), 
and hence bounded away from the imaginary axis. 

Proof : The simplest way to find y = hQ(x) is to use the original variables and consider ( p.lO| ) for 
e = 0. Since 



M-sK«,0) = (m„w„)^^^^^ and G^'^^ir,u,u,0) = ( E ^f^ 77^) 
cf. and ( CT ), eq. j ^A^j reads as 



/3=l I 



<a<N 



(5.29) 



/3=1 



1 < a < A^. 



(5.30) 



The relevant transformations are r = At and u = Au, whence Ui = {A ^u)i. It may be verified 
that A~^ has the general form 



N 



A ^z = e ^(E ea^a, *,...,*), z = (zi, . . . , ztv) e (IR^) 

a=l 



3\N 



(5.31) 



and therefore (|5.30| ) implies 



1 \^ '^a \^ Cq/3 1 f ea 6/3 \ Ca/3 



/3 



<I3<N 



the latter due to = — Ca/3- For the eigenvalues of D^^g(x,y_,0), we note that due to ( |5.22| ), 
( F^ ), ( FTtD , and (15141 ) 



fi'(x,y,0) = $i(r,u,Ui,U2jv(r,u,Ui,0),0) 

= Gne-^ [v4*(m^^s(Au, Au, 0) - G''^{At, An, Au, 0)] 

N 

= 67re-^ E e«([M'-^s(Au, Au, 0)]„ - [G"^^s(Ar, Au, Au, 0)], 



67re ^ E "^^Mq ~ 7^ E 



fit 



reg 1 3 ; ' 
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where we have used ( [5.29| ) and passed to the original variables. Observing x = Ui, Ma = [Au]a) 
and (|5.13| ), we hence obtain 



N 



Dy_g{x, X, 0) = 67re ^ ^ e^ma 

a=l 

and this yields the claim. 



f'du. 
[dii 



) = 67re ^ eaTTiaeaidj^a = Gvre ^ ^ e^m„ I id]R3 

a=l ^ a=l ^ 



□ 



According to Lemma ^]4| we see that the assumptions {H1)-{H3) of Sect. 1.1 & 1.2] are 
satisfied, and therefore we find a (locally) invariant manifold for ( |5.22| ); cf. [0, Thm. 2]. Transferred 
back to (|5.2CI|) and ( |5.21|) this result can be applied as follows. We define 

Ko = {x = (r,u) G IR^^ X IR^^ : \At\ < ACq, \An\ < 4^} 

with Cg and Cy from ( p.l5| ) and ( p.l2| ), respectively, and we let 

lo = : I = ho(x), X G Kq}, 

with ho(x) from Lemma [5^ . 

Lemma 5.5 For every G IN with k > A there exist > and a -function h : [0, ^i] x^g ^ IR^ 
such that 

i. = {fei/):iZ=/^eU),i^e^o} (5.32) 

is locally invariant w.r.t. I \5.2(] ) and l \5.21\ ), where hs{x) = h{e,x). In particular this means the 
following. Consider {x{to) , ii{tq)) = {r{To) , u{to) , Ui{to)) G 1R^^ x 1R^^ x 1R^ such that |Ar(ro)| < 
2Cq as well as \Au{to)\ < 2Cy and 

Ui{to) = h^[r{To),u{To)^ 

hold. Then the corresponding solution {x(t),y^(J:)) = {r(t) , u{t) , Ui{t)) of ^5.2(\ ) and ( |5. 2J\) with this 
data at t = tq exists at least until ti > tq and satisfies 



Ui{t) = he[r{t),u{t)y t G [ro,ri]. 



(5.33) 



where Ti > tq denotes the longest time such that \Ar{t)\ < 3Cq and \Au(t)\ < 3C„ for t G [ro,ri]. 
Moreover we have 



Ihe ~ hoi 



< Ce 



(5.34) 



for a constant C > depending only on the input constants Cq and C^. The dynamics on is 
governed by x= fi{x,h^{x),e), i.e., 



r=u, Ui 



hsiLM), {u2,---,kN) = U2N{r,u,h,{r,u),e), 



(5.35) 



cf fim )- 



The Cf[-estimate (|5.34| ) is not given explicitly in 0], but may be validated along the lines of 
|T^, where the analogous statement is shown for C°. With this preparation we can finally come 
to the 
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Proof of Theorem |5.1| : We only have to undo the transformations to find h^, and this way we 
arrive at 

h,{r,u) = A(h,{A-\A-^u), V2n{A'\ A-^u,h^{A-\ A'^u), e)) , {r,u) G K^. 



To verify that then from (|5.3|) is locally invariant in the sense stated, we note that (|5.5| ) and the 
definition of Xi and X2, cf- ( |5.8| ), imply that ( |5.1| ) and ( p.7[ ) do agree for t G [To,ri]. Hence ( |5.1| ) 
is equivalent to ( ^.20|) and ( ^.21[) via the transformation from (|5.15|) for t G [ro,ri], and therefore 
the local invariance of is a direct consequence of the local invariance of from ( |5.32| ) in Lemma 
cf. (|5.33| ). Concerning (|5.6|) , in view of (|5.34|) we can write h^d, u) = ho(r) + with 



5.5, for 



l^elc^CXg) — Hence ( ^.311 ), ( |5.35D , and Lemma |^ imply 



N 



e'^^epiip = (A ^n)^ = ui = h^(r,u) = ho(r) + 

/3=1 

1 ^ / e/3 ep' \ C/3/3' 

V — r. 



47re2 



+ A, 



l</3</3'<Af 



E 



lie 13 

l<fB<f3'<N 14/3/3' I 



(5.36) 



the latter since here C/3/3' = (^Il)/3 ~ (^Il)/3' = ~ "^p' = ^I3p' according to cf. (|5.24|) . From 

( p.3(j| ) we obtain ( |5.6| ) by differentiation and observing that lA^l^^oj-^ ^ < Ce. □ 



6 Comparison of the full and the effective system 



We prove Theorem |3.5| and assume that the stage is set as is described in the theorem. Then we 
define 



-1/2 



U 



(r, u) G 



(6.1) 



with the function h from Theorem note that (r, -u) G Kf. is equivalent to (er, e ^/^-u) G Kq^ 
cf. (ID. We let To = e^^'Ho and 

f^{t) = er^ie-^^H), M„(t) = e^^^^aie'^^'^t), I < a < N. (6.2) 

Hence ( p.2CI| ) implies that 

iairo) = e^'^Uaito) = e''^he{ra{to),Ua{to)) = he{era{to),e'^^'^Ua{to)) = /ie(^a(ro),Ma(ro)) (6.3) 

for 1 < a < A^. In addition we deduce from (|3.15| ), ( p.l2| ), and (|3.11| ) that 

|f(ro)| = e\r{to)\ =£:|g(to)| := e max |g„(to)| < C,, 

l<a<A' 

\u{to)\ = e-'/'\u{to)\ = e~'/Mto)\ < C., and 

C* < e\qa{to) - q/3{to)\ = \ fa{ro) - rf3{To)\ <C* (a 7^ /?), 



whence taking into account ( |6.3| ) we see that the assumptions of Theorem |5.1| are satisfied. We 
denote by ti G]to, T'e"^/^] the longest time such that 

\r{t)\ < ?>C^e-\ \u{t)\ < 3C,v^, and {CJ?,)e-^ < \r^{t) - rp{t)\ < ?,C*e-^ {a ^ p), (6.4) 
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are valid simultaneously for t G [toi^i]) corresponding to the longest time ti e]tq,T] such that 
\f{t)\ < 3C„ \u{t)\ < 3^, and {CJ3) < |f„(t) - f^(t)| < 3C* {a ^ (3), 

are verified for t G [tcTi], cf. ( p.5|) . We infer from Theorem that the solution {r{t),u(t),u(t)) 
of the effective equation (pT8|) with data given by ( |3.20|) exists at least for t G [^05*^1] and satisfies 



u{t) =h,{r{t),u{t)), tG[to,ti] 



(6.5) 



due to 



Moreover, 



N 
/3=1 



TV 



0(£ 



9/2> 



(6.6) 



for t G [to,^i], by transforming ( ^.6|) back utilizing ( |6.2| ). 

We need to prove that ti = Te~^/^ holds, and for this purpose we compare the true solution and 
the solution of the effective equation ( |1.8| ) for times t G [toi^i]- We recall from ( ^4.15| ) in Lemma 

that 



MMva = G^{q, v,v) + -^Yl W + Oi^') = Ga{q, V, v) + Oie'/^), a = l,...,N, (6.7) 

67r 



(3=1 



for t G [tojTe ^/^], where in the last step we have used Lemma plSj noting that to > t**- In 
addition, direct calculation reveals that ( |1.8| ) may be reformulated as 



N 



6^ /3=1 



(6.8) 



From (|6^ ) and (|6.4|) we deduce that 



N 



E W <C£^/', tG [to,tl], 
/3=1 

with C > depending only on the input constants, and accordingly we obtain from ( |6.8|) that 

M„(u„)m„ = G„(r,u,u) +0(£^/^), a = l,...,N, t e [to,ti]. (6.9) 
Next we observe that (|6.5| ) and ( |6.1| ) yield 

\ua{t)\<C6^, l<a<N, te[to,ti], (6.10) 

since in particular : [0, ei] x Kq ^ IR^^ is bounded. As we can use both the bounds from 
Lemma ^]2| and the bounds from ( |6.4| ) and ( |6.1(]| ) for t G [to, ti], it is therefore possible to proceed 
exactly as in [0, p. 449/450] and to deduce, comparing (|6.7| ) and (|6.9|) , that 



\qa{t)-r^{t)\<C^/E, M) - u^{t)\ < Ce^ I < a < N, t e [to,h] 



(6.11) 
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the only property of ti which enters here is ti < Ce However, we know from Lemma p.2| that 

\q{t)\<C,e-\ Ht)\<C,^, and C ^e'^ < \q^{t) - qp{t)\ < C* e'^ {a ^ (3) , (6.12) 

in particular for t E [to, Te"^/^]. Since all constants thus far do depend only on the input constants, 
by choosing e > small enough and observing ( |6.12| ) and (|6.11|) , we therefore arrive at 

\r{t)\ < 2Cge-\ \u{t)\ < 1C,^e, and {C^jiy-^ < \rjt) - r^(t)| < 1C*e-^ {a ^ 

being valid for t G [to;^i]- In view of the definition of t\ this leads to a contradiction, unless 
tx = Hence ( lOTD shows that holds as well, since we can use (|6.71 ) and (|6.9|) to 

obtain from ( |6.11| ) the further estimate {vait) —Uait)] < Ce'^/^, cf. [0, (4.6)]. In addition, ( |3.22|) is 
a consequence of (|1.8| ) and (|6.6|) . Finally to verify ( |3.23|) , it follows by means of direct calculation 
from Lemma |4.6| and from (|3.12| ) that 

j^nKR{qit),vit),vit)) = -—(^J2^e^Mt)) +0(e'/'), te[to,Te-'/% (6.13) 

Therefore ( ^ ), ( |6J[3D , ( CT) , (H), ( TO) , and ( |6J0D yield 
7t:D(g(t),t^(t))-HD(r(t),?/(t)) 



AT 



^RR(g(t), ^(i), ^'(i)) - HnR{r{t),u{t), u{t)) + J2 



4- 



HRRiqit), v{t),v{t)) - nKRirit),u{t),u{t)) + 0(£^) 

/ dp l'^^^*^^' ^' ~ ^rrI'"' ^)) 

+ HRR(g(to), t^(to), ^(to)) - nRR{r{to),u{to),u{to)) + ^(e') 



to 



67r 



+ E 



Q,/3 = l 



E 



67r 



9/2N 



to 



0(e 



11/2^ 



C(£ 



9/2N 



for t <Ce This completes the proof of Theorem ^75. 



□ 



7 Appendix A: Proof of Lemma |S7^ 

This appendix is devoted to the proof of Lemma p.4| . To calculate v {t) from ( |3.3|) , we first note 
that jiijn^^oi'laVaif)) = rnQa{vait))'Vait) , where the (3 x 3)-matrices niQaiva) are defined as 

moa{Va)iz) = m\,a{laZ + 7a(^a " z)Va), Z G IR^. (7.1) 

Thus differentiating ( |3.3|) once, it follows that for a = 1, . . . , we have 

Zi(x + go, t) + f„ A Z2(x + g„, t)) + i?„(t), (7.2) 
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with 



moa[Va) 'z = rriba ^la^[^ " (^o " z)va), z G IR , (7.3) 
denoting the matrix inverse of friQaiVa)', here and henceforth we often omit the argument t of qa, 



Va, Va, etc. Moreover, 



N 



13=1 



Rait) = moaiva) d^x pa{x - Qa) E^^^{x - qp) + A B.,^^{x - qp) 



as well as 



Zi{x,t) 
Z2{x,t) 



Z{x,t) = 

in ( |7.2| ). An important observation is that 

Z{t) = AZit) - fit) , with A 
the Maxwell operator, and 



E{x,t) - E^=i E^p{t){x - qp{t)) 
B{x,t) - EjLi B^^(^t){x - qp{t)) 



VA 
-VA 



f{x,t) 



fi{x,t) 



N 

E 



{vp{t) ■ V^)E^^(^t){x - q/sit)) 



M^^t) ) y (^^(t) . V„)i?,,(i)(x - q^it)) 



see 



T3| , Section 5.2]. We also note that V ■ /i = = V ■ /2, since V ■ E^^^ = e^if and V ■ B 
are calculated from (|2.3|) . Differentiating (|7.2| ) once more, we obtain 

d 



V(3 



(7.4) 

(7.5) 

(7.6) 

(7.7) 




dt 



a{Va) ^)moaiVa) Va - Ra{t) + rJlQaiVa) ^ Ma{t) 



+ moa{Va) ^ / d-^X Paix)(va A Z2ix + qa,t)) + Ra{t) 



with the main term 



Mait) = / d^Xpaix) {La{t)Zi){x + qa{t),t)+Va{t) A{La{t)Z2){x + qa{t),t) 



(7.8) 



(7.9) 



where Lait)(j) = {va{t) ■ V)0 + for a general function 
TSD it follows that 



d^ 
d^ 



Va - Rait) 



d 



dt 



d I 

— moaiVa) 

dt 

d 



x,t). Finally, upon differentiating 
d 



dt 



moaVVa, 



Va - Rait) 



+ [-7:^0aiVa) jmoaiVa) Va - Rait) + T:"^0«(^^a) ) Mait) + TTloaiVa) M„(t) 



dt 



+ Rait) + 



+ moaiva) ^ I d'^xpaix) A ^2 (x + , t) + A (L^ (t) Z2) (x + g„ , t) 



(7.10) 

Most of these terms are directly seen to be at least of the desired order C(e^). Indeed, using ( |7. 1| ) , 

it 

d , . 



731) , Lemma |3.2|, and Lemma 3.31, one derives that 

d 



moaiVa) 



+ 



moa[Vaj 



dt^ 



dt 



moa[Vaj 



+ 



dt 



moa[Vaj 



■3/21 



moaiVa 



<Ce\ t G [r„,T£-3/2]. 



(7.11) 
(7.12) 
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Moreover, following |T3| , Section 5.2 & 5.3] we have 



\Ra{t)\ + 

and also 

|M„(t)| + 



(fx Pa{x)Z(x + qa{t)^t) 



< \Ra{t)\ < Ce^/^ t e [0,Te' 



■3/21 



(fxpa{x){La(t)Z){x + qa(t),t) 



-3/2] 



for 1 < a < iV. Thus we find from ( [fJOD and ([7TT|) - (frT^) that 

\v^{t)\<C\M^{t)\ + \R^{t)\+Ce''^^, a = l,...,N, t e [r„, T£-3/2|_ 
In Section [7.5| below we will show 

\Ra{t)\<Ce', a = l,...,N, te[n,,Te-^/% 

cf. ( [7.1061 ). Introducing 

Ca{t)^ = Mt) ■ v)0 + Mt) ■ v)2</) + 2K(t) ■ v)0 + 



(7.13) 

(7.14) 

(7.15) 
(7.16) 
(7.17) 



for a general = 0(x, t) and observing -^[(La{t)(f)){x + Qait))] = {Ca{t)(f)){x + Qaii)), we moreover 
deduce from ( |7I9| ) that 

Mait) = J d^X Paix) {Cait)Zi){x + qa,t) + Va A iCait)Z2){x + qa,t) 
+ J (fx Paix)(i!a A iLait)Z2){x + qa,t) 

In view of Lemma |3.2| and ( [7. 14] ) we hence obtain 



|Ma(t)| < 



rf^x p„ (x) (£« (t) Zi ) (x + g„ (t) , t) + w„ A (£, (t) Z2){x + g„ (t) , t ) 



< c 



(fx Pa{x){Ca{t)Z){x + qa{t),t) 



Putting this together with ( |7.15| ) and ( |7.16| ), we have seen that 



(fx Pa {x){Ca (t) Z){x + qa{t),t) 



a 



1,...,A^, te [r,„T£-3/2], (7,18) 



In order to bound the main term on the right-hand side of (|7.18|) , we calculate 
d 



dt 



{Ca{t)Z{-,t)) = A{Ca{t)Z{-,t))-Ca{t)f{-,t) + {va-V)Z{-,t) 



+ 2{va ■ V){v^ ■ V)Z(-, t) + 2{va ■ V)Z(-, t), 

where we have used (|7.6| ). Denoting U{t), t G IR, the group of isometries in L^(IR^)^ © L^(IR^)^ 
generated by the Maxwell operator A from (|7.6|) , we therefore find for any ti G [0,t] 

d'xpa{x){Ca{t)Z){x + qa{t),t) = j XPa{x)\U{t - ti){Ca{tl)Z{- ,ti)y^ {X + qa{t)) 



+ jd^xpa{x) j ds\u{t- s)(^- Co,{s)f{-,s) 

+ {v^{s)-V)Z{-,s) 
+ 2{va{s)-V){va{s)-V)Z{-,s) 
+ 2({;,(s)- V)Z(-,s))](x + g„(t)) 
=: Tdata + Ti + T2 + Ts + (7.19) 
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This expression will be bounded term by term, for different choices of ti > t^,^; note that we need 
to select ti > r*^, in order to use the bound on Va{s) from Lemma ^]3| for s > ti. First some 
estimates are derived below in Sections |7.1[ - |7.5| which are then used in Section ^]6| to complete the 
proof of Lemma |3.4| . Since our treatment of data terms in similar situations in the previous papers 
||T3|, p!2|, O] was not completely accurate, we will give a more detailed account here. To obtain the 



necessary estimates, we will frequently use the following three technical lemmas. 

Lemma 7.1 For given f = (/i,/2) with V ■ /i = and V ■ f2 = we have for W{t,s,x) 
{Wi{t,s,x),W2it,s,x)) = [U{t - s)f{-,s)]{x) that 



Wi{t,s,x) 

W2{t,S,x) 



1 



£y (t - s) V A /2(y, s) + My, s) + {{y - x) ■ V)/i(y, s) 



^ ' d^y -{t-s)V Afi{y,s) + f2{y,s) + {{y-x)-V)f2{y,s) 



47r(t-s)2 7|2;_x|=(t-s) 



Proof: See [|T3|, Lemma 5.1]. 



□ 



Lemma 7.2 Defining 

1 - (2" 1 
Cv{x) = -jj^, we have (^{k) = J - t-, r^, \v\ < 1. 

In addition, {V^Cvix)] < C\x\ ^^^''^ for < j < 4, x G IR^, and \v\ < v < 1. More generally, even 
\ViV^Cvix)\ < C\x\''^^^^^ forO< I, J < 4. 

Proof : Through direct calculation. □ 



Lemma 7.3 Assume \x\, \y\ < R^p and 1 < a, (3 < N , and recall 

with the constant C* from Lemma \3.2^ cf. (\3.1d^ ). Moreover, let x = x — y + qa{t) — qf^it — r) — z 
with some < t < t < Te~^^^ and z G IR'^. Then the following assertions hold for e > small 
enough. 

(a) If a ^ (3 , T < T^^, and \x\ = t, then \z\ > (C*/4)£:^-'-. 

(b) If a j3, T > T^^, and \x\ = t, then \x\ > {C^/8)e^^. 

(c) If a = P, T > 8R^, and \x\ = r, then \z\ > r/4. 

Proof: (a) By (|3TT|) and ( ^l2D we have \z\ = \x - [x - y + q^{t) - qp{t - r)]| > \q^{t) - qp{t) \ - 
\x\ - \y\ - \qp{t) - qp{t - r)| - |£| > C,e-^ - 2R^ - C,^r -r> {Cj2)e-^ - 2r > {CjA)e-\ if 
£ > is chosen sufficiently small, (b) Obvious, (c) Similarly as in (a) we find \z\ = \x — [x — y + 
qait) - qait - r)]| > \x\ - 2R^ - \q^{t) - q^{t -t)\>t-2R^- C,^t > t/2 - 2R^ > r/4. □ 
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7.1 Bounding Ti 

To deal with 

Ti{t,h) = - 

from the right-hand side of ( [7.19 ), we introduce the notation 



d^xp^ix) j ds [t/(t-s)(£,(s)/(-,s))](x + g,(t)) 



N 



thus f{x,t) = X1(^/3W ■ Vt,)$„^(t)(x - q/sit)). 

13=1 



Utihzing (|7.17| ), a somewhat lengthy calculation reveals that 



(7.20) 



(7.21) 



(£a(s)/)(x,s) 



E -^v) + 3(i)/3 ■ V,){Vf3 ■ V,) + 2{[Va - Vf3] ■ V){Vfs ■ V,) 

3=1 ^ 

+ {vfs ■ V,)^ + {[va- vp] ■ V)(i;/3 • V,) + 2{[va - vp] ■ V){vp ■ V,)' 



+ i[va- Vp] ■ W)\vp ■ V^) ^^Ax - qp), 



(7.22) 



where all Va, f/3, • • •, etc., are evaluated at time s. We will not go through the estimate of all these 
terms when substituted back to ( 7.2U| ), but only the first and the last one will be dealt with in 
some detail. Since the last term contains the maximal number two of V's and the minimal a priori 

), and as the first term contains a third derivative V/3 



power (cf. Lemma p.2| and Lemma ^ 
which we are about to estimate, it is clear that all other constituents of ( [7. 221) will be easier to 
handle; note that due to Te~^/^ > t > s > ti > r** in the integral, we may as well use the a priori 
estimate on Va from Lemma 3.3 . 

To begin with, we consider the last expression {[va — vp] ■ V)'^{vf3 ■ Vi,)$^^(x — q^). Due to the 
difference, we can restrict to a ^ j3, as will be supposed in the sequel. Using this expression in 
( [7.20| ), we see that it suffices to verify 

' < Ce^ 
(7.23) 

for t G [ti,Te-^/% By means of the solution formulas from Lemma fO we can rewrite this in 
Fourier transformed form. Recalling $^ = {E^, B^) as well as = Caf, we hence need to show 



d'^xpaix) / ds U{t-s)[{[vc,{s) -vp{s)]-Vy{vp{s)-Vy)^^^^s){- -qp{s))) {x + qa{t)) 



d^k^{k) / rfse*[«^(^)-^"Wl(K(s)-t;^(s)]-A;)2(t;^(s)-V.) 
sin \k\{t — s) 



X 



■^(V A 5,^(.))(A;) + cos |A;|(t - s)^(E,^(,))(A;) 



< Ce^ (7.24) 



for t E [ti,Te ^/^], with denoting Fourier transform. For simplicity, we will concentrate only 
on the first expression containing ^^^^-^^^p^, the other term with cos \ k\{t — s) can be bounded in 



a similar way. From (p.3| ) we deduce the relation JF(V A By){k) = [k'^v — {v ■ k)k](j)jj{k), and (|2T 
yields 
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where e = e/3 for v = V/3{s). Moreover, Lemma [7^ and ( |2.4| ) imply (f)v{k) = ^^e(p{k)Cv{k). Thus 
calculating {vp^s) ■ V„)JF(V A By^(^s)){k) explicitly, it follows that it is enough to prove that 

d'k \m\' £ ds e^^-[^M^)-..W] ([^^(,) _ ^^(,)] . C.,{.)(^) 

^ Ms) ■ k)\vp{s) ■ k) 
k"^ - {vf3{s) ■ ky 



(7.25) 

for t e [ti,Te-^/'^]. Counting the powers of e in view of Lemma |3]^, we see that both last terms 
have an additional e compared to the first two terms, the order in k being k"^ for all four terms. 
Therefore the last two terms are easier to handle, and thus dropped, since the same method can be 
used as will be explained for the first two terms. Hence we are going to show that \A^^\t,ti)\ < Ce^ 
for t e [h,Te-^/% with 

rt-ti 



X 



dre'''-^''^^'-^^-''''^'^^ - r) - V(,{t - r)] ■ kf 

sin \k\T 



\k\ 



■Cv.it^k) k%{t - r) - {vp{t - r) ■ k)k . (7.26) 



Recalhng the definition of r^,* = (C*/8)£: ^ from Lemma |7]3, we split the integral 



t-ti 



dr 



dr 



t-ti 



dr. 



(7.27) 



and accordingly we decompose A^^\t, ti) = ^[oi^^](i) + ^[rl, ^i)- -'■^ ^^^^ ^^^^ t — ti < t, 

0{6^^), the whole term y4*^^''(t, ti) can be bounded as is A^^\^^-^{t). 

To begin with A\q^^ ,(t), we write this term as a double convolution in space variables as 



c 



dr 



d'^x d^y !f{x)!f{y) 



f 1 

X j dh (r7„^(r) ■ V)2(V A {vp{t - r) A V)) (-2) 7^ '^(l^^l - ^) 



(7.2J 



where we have set rfapij) = Vait — r) —vp{t — r) for brevity; recall that ^(^^^jj|^) = i^p^if^d^;! — t), 
and note also k A {v A k) = k'^v — {v ■ k)k. Using Lemma p.2| . Lemma |7]^ with j = 4, and Lemma 
fOKa), we deduce that for t e [0,Te'^/^] 



<L]W| < Ce'£"dTj Jd'xd'yip{xMy)Jdhj^j^^6{\x\-r] 

d^x d^y {p{x){p{y) 



dr 



/o r 



d^z 



\z-[x-y+qa{t)-q,3{t- 



(7.29) 

Next we turn to bound A^^^^^ ^^(t, ti), corresponding to /^~*^ (ir(. . .) in ( [7.261) . Again we write 
this term as a double convolution in space variables, but this time as 

t~ti 



C 



dr 



d xd y(p{x)(p{y) / d z Cvf,{t-T)iz 



X iva^ir) ■ V)'(V A {vp{t - r) A V))-^ 6{\x\ - r) 



x=x-y+qait)-qi3it-T)-z 
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where V = V^. Hence it follows from Lemma |3.2| , Lemma [7.2| with j = 0, and Lemma |T]^(b) that 
for t G [0,Te-3/2] 



\z\ Ixp 



6{\x\-t) 



(7.30) 



< Ce^ I I d^xd^y^{x)^{y) J' dr J dh ^ ^ 

< Ce^ I I d^xd^yif{x)f{y) f''' dr j d^z-^. (7.31) 



1 



Now observe that for a G IR and r > 



2 1 2-KT 

d z — = - — -( |a| + r— ||a|— r|)< Attt, 

\z—a\=T \Z\ 



in both cases |a| > r and \a\ < r. We thus deduce from ( |7.31| ) that 



dTT < Ceh^ < Ce 



(7.32) 



(7.33) 



for t e [0,Te-3/2]. Summarizing (|7^) and ([7:3^ ), we have proved that \A^^\t,ti)\ < Ce^ for 
t G [ti,Te~^/^], and bounding the remaining terms similarly, we conclude that ( [7.23 ) is satisfied. 

Hence we can return from ( |7.22| ) to ( |7.2UD and carry through this argument just elaborated for 
each of the terms besides the one containing w^. In this way we arrive at 



\Ti{tM)\ < 



N 



d^xpaix) ds[u{t-s)(^{vf3 {s)-Vy)<^^^^s){--qp{s)))]{x + qa{t)) 

(3=1 •' "^'i 



+ Ce^ (7.34) 



being satisfied for ti > t^^ and t G \ti^Te '^/^]. In order to deal with the vp-teim. in ( |7.34| ), we 
will consider this expression under different circumstances, elaborated in the next three sections. 



7.1.1 A standard estimate 

We are going to show first that 



t2 



d-^xpa{x) / ds U{t - s)({vi3 (s) ■Vv)^^^(^s){- - qais))) {x + qa{t)) 



< C( max leKplf sup max I v,^ (s) 



(7.35) 



for 1 < < and t G [t2,Te-^/^], with e [0,t] remaining to be specified only later. 

The argument for a (3 is similar to the one leading to the previous estimates. Once more we 



can employ the solution formulas from Lemma ^[T] and rewrite the term in question in Fourier 
transformed form. Dropping again the term with cos \k\{t — s), we may proceed as before and 
calculate (?)'^ (s) ■ V«)JF(V A By^(^s)){k) explicitly. This results in 



fc2 (s) - {vp (s) ■ k)k 



+ 2k' 



{vp{s) ■ k){vp js) ■ k) 
P - {vp{s) ■ kf 

<C\ max leKpif sup max I is] 



{vp{s)-kf{:vp {s)-k) 
F - {vp{s) ■ kf 



k 
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to be verified for t G [t2, Te"^/^]. Note tliat liere we kept track of Cq, and ep, since they being small 
will be important at a later point. Again the last two terms on the left-hand side have an additional 
€, and hence are omitted. Thus we need to show \A^'^\t, t2)\ < C*(sup^g[^2,T£-3/2] niaxi<K<Ar | Vk {s)\) 
for t G [t2,Te-3/2], with 



d^k\0{k)[' 



t-t2 



Qik-[<li3{i-T)-qa{t)] 



sin \k\T 



Cvp{t-T){k) 



X 



k"^ Vp (t-r)- {v,3 (t - r) ■ k)k 



(7.36) 



First we consider the case a /3, and for this purpose we recall the definition of r** = {C^/8)e ^ 
from Lemma |7.3| . Analogously to ( [7.27| ) we write /g"*^ dr = J^** dr + f^~^^ dr, and correspondingly 

split A^'^\t,t2) = AjQ^^_^^j(t) + Aj^^^^ t_t2i{t,t2); again the case t — t2 < T^^. is simpler so that we are 
going to assume t — t2>T„. To start with, from Lemma [7.2| and Lemma |7.3| (a) we find 



Ci sup max I v. 



d^xd^y^{x)^{y) j dh (V A {vp (t - r) A V))C,(*-.)(2; 

x-i- (5(1x1 — r) 

\x\ x=x-y+qait)-q(j(t~i 

K (s)|) j J d^xd^yip{x)ip{y) J^*' dr J ^^5{\x\ - r) 

< Ce^( sup max I v\ (s)\) [ [ d^x d^y ip(x)ip(y) [ — [ 
^se[t-T,„t] 1<«<A^ ^ J J Jo T Ju 



\z-[x-y+qa{t)-q^{t-T)]\ 



< Ce^T^J sup max I 'ii^ (s)\) < Ce 



sup max \Vi^{s) 



(7.37) 



Concerning A^!^ t-t2](^^^^')^ view of Lemma [7^ , Lemma |7|^(b), and ( |7.32|) we can estimate 



c 



t-t2 



dr 



d xd yip{x)ip{y) / d zC^^^t~T){z) 



X (V A {vp (t-r) A V)) 6{\x\ - r) 



< 



C( sup max I v\, [s] 



x\ 



-y+qa{t)-qi3{t-T)-z 



)\) d'xd-'yip{x)ifi{y) 



X 



*-*2 /"oil 

dr / (i'^z — -— r 6{\x\ - r) 



< 



Ce'^f sup max I Vf- (s) 



73^ ^3„ 



Z \X\ 



d xd yip{x)if{y) 

't-t2 



X 



dr 



d^z 



< Ce^t^ ( sup max \ v k {,s)\) < C [ sup 



^~[a;-i/+i3Q(t)-(j^(t-T)]|=T 



■ sG[t2,*-T,»' 



max (SI 



(7.38) 



for t < Te ^^2. Summarizing ( [7.37D and ( |7.38| ), we have seen that 



\A^'\tM)\<C 



sup max 



(7.39) 
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To handle the case a = /5, we spht Jq dr = Jq^'^ dr + J^jiJ dr in ( [7.36| ), and accordingly 
^''^^(^)^2) = ^\o8R^]{t) + ^[sij^ t_t2](^' ^2); again w.l.o.g. we may assume that t — t2 > 8R^. Then 



Lemma [7.2| and Lemma |T]^(c) imply 



A 



(2) 

[8R^,t-t2] 



{t,t2 



c 



dr f f d^xd^yifixMy) f dh (v A (v^ (t - r) A V))C(t-r)(^) 



< 



C ( sup 



max Vf, IS) 

l<K<Af 



X (5(1x1 — r) 

t~t2 



X 



x=x-y+qa{t)-qa{t-T)-z 



1 1 



(ir / (i z — -- — S{\x\ — r 



izP \x\ 



< C[ sup max I / / c/'^xrf'^y^(x)v5(?/) 

^s&[t2,t-SR^] 1<«^<^ 



< 
< 



C ( sup 

^ se[t2,t-8R^ 



max [s] 

1<K<N 



(s)|) / f d^xd^yip{x)ip{y) 



SRy, T J\z-[x-y+qa{t)-qa{t-T)]\ 

t-t2 (It 

8Rin 



sup max I f K [s 
On the other hand, we have the simple estimate 



(7.40) 



C 



1^ dr J J d^x d^y (v A (v^ {t - t) A V))<^{x)<^{y) 



X / d-^zCv^(t-r){z)-rz^^S{\x\ -r) 



x=x-y+qa(t)-qa{t-T)-z 



< C[ sup max | (s)| / d'^xd'^ylV (p{x)\(p{y) 

^se[t-8R^,t] 1<«<A' ^ ^ ^ 

dr / c?^2; — — 5(|x| - r) 



< C 



sup max I w«(s)|) / / d^x d^y \V^^{x)\^{y) 



S&[t-SRy,,t] 



T J\z-[x~y+qa{t)-qa{t-T)]\=T \Z\ 



< C[ sup max | 'iif^ (s) 



(7.41) 



cf. ( |7.32|) . In view of (|7.39| ), ( |7.4CI|) , and (|7.41| ), and bounding the remaining terms in the same 
manner, it is verified that ( |7.35| ) holds. We will further use this in the form 



^ r ft 

J2 d^xp^{x) ds\U{t-s)(^(vp{s)-V^)^^^(s){--qp{s)))]{x + qc,{t)) 



< C( max leKpll sup max I v\ (s 



se[t2,T£-3/2] 



(7.42) 
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for 1 < a < and t G [^2, Te ^/^], with t2 G [0, t] still being free to be chosen; the constant C > 
is independent of t2- 

7.1.2 An a priori estimate to bound | Va by e'^ 

The purpose of this section is to prove that 



\T5{t,t2 



N 



I d X pa{x) J ds 



[x + qa(t)) 
(7.43) 



for 1 < a < and 



t e [t2 + r„,T£-3/2], 



(7.44) 



with r*^, from ( p.l6| ). This estimate will later play the key role in showing that at least 
Since U (t) is the group with generator A, we calculate 



V I ^ 



d 
ds 



[/(t-s)((i}^(s)-Vj $,,(,)(■ -g^(s)) 



= -U{t- s)({vp{s) ■ V,)^<l',,(,)(- - q/sis))) +U{t- s)({vp (s) ■ V,) $,,(,)(• - qp{s))] 
+ U{t~ s){{vpis) ■ V,){vp{s) ■ V.) $,,(,)(■ - qp{s))) 

- U{t - s){{vp{s) ■ V.){vp{s) ■ V) $.,(.)(■ - qp{s))). (7.45) 
Next, calculating 

A^^ = (V A B^, -V A E^) = ((t; ■ V)V0^ - vA(f)^, {v ■V){vA V0^)) (7.46) 



explicitly from ( |2.3|) , we see that taking A^y has a similar effect as taking {v ■ V)$^, since both 
operations result in an additional v and an additional V-derivative. For simplicity we hence drop 
the term with A^v in ( [7.45| ). Substituting the remainder of (|7.45|) back in the definition of T^it, ^2) 
then shows that 

N 

< ^ / d^xpa{x)[u{t - [t2 + r„])((w^(t2 + r„) • V^,) $t,^(t2+T„)(' " 9/3(^2 + n 



[x + qa{t)) 



N 

+ / d'xp^{x){U{t - t2)[{vp{t2) ■ V,) $,,(<,)(■ - qp{t2)))]{x + g,(t)) 

13=1 
N 

+ E 



(3=1 



N 

+ E 

/3=1 



J d^x pa{x) ds^U{t- 



S]\(Vfi(s) ■ Vy){Vi3{s) ■ Vy) ^vf,(s)i- - q(3{s 

(x + qa{t)) 



d^xpaix) 1^ rfs{f/(t-s)((i)^(s) ■ V^)(t;/3(s) ■ V)$^^(,)(--g^(s)))} 



35 



N 

E 

13=1 



\Ti,it,t2)\ + \Tio{t,t2)\ + \Tl3it,h)\ + \Tl,it,h) 



{x + qa{t)) 

(7.47) 



To bound these terms individually, we will make frequent use of the method developed before in 
Sections |7]^ and [7.1.1| , without expanding all the details again. The recipe is always the same: 
(1.) Substitute the solution formulas from Lemma ^[l] and pass to Fourier transformed form in 
the / d?x pa{x){. . (2.) Drop the term with factor cos|fc|(t — s), since it can be handled the 
same way; (3.) Evaluate explicitly the Vt,-derivatives and drop the easier terms which thereby 
have gained additional f's; (4.) If there is an J ds{. . .), then change this through t — s = r to an 
/ (ir(. . .). Afterwards split the latter into two parts, by inserting r,,,,, from Lemma [TT^ if a 7^ /3, and 
by inserting SR^p for a = (3; (5.) Finally rewrite the whole expression from Fourier transformed 
form to double convolution form / / d^x d^y (p{x)(p{y){. . .). If a ^ (3 and r < r^.*, then place the fc's 
as derivatives on the Q^(^t-T){z) and use Lemma [7.3| (a), but for r > r^,^ place the fc's as derivatives 
on the ^ and use Lemma |7.3| (b). In case that a = (3, some extra care has to be taken, as will 
be explained case by case later, nevertheless it should be kept in mind that then Lemma [7.3| (c) 
applies for r > 8i?^. 

Part A: Bounding \T^^^{t,t2) \ + |T^4(t, ^2)1- Let us start with the case (3. Noting that here 
(and everywhere else) we have an additional V-derivative resulting from the (V A i?„)-term of the 
solution formula from Lemma [7.1| , cf. the beginning of Section |7. 1| , and recalling that = V0^, 
we find that here 



Tl,{tM)\ + \TUiM)\ 



<C ds 

Jt2 



d^xd^y(p{x)(p{y) 



x=x-y+qa{t)-qfs{s)-z 



where we have also used the bounds from Lemma |3.2| and Lemma p.3| , which is possible due to 
s > t2 > T**- Transforming t — s = t, the integration interval becomes r G [t — (^2 + t**), t — ^2]- 
By hypothesis, r*^, < t — ^2- We may as well assume that t — (t2 + t**) < t*^,, since otherwise the 
first of the integrals below simply drops out. Following the above recipe we hence deduce from 
Lemma Lemma [7.3| (a), (b), and ( [7.32| ) that 



\T,%{t,h)\ + \Ti^,{t,t2 



< C 



d X d 



■'y^ixMy) r rfr(."/V^i / 

Jt-(t2+T„) \ T J\z-[x-y 



-[x-y+qa{t)-qi3{t-i 



T J\z-[x-y+qa{t)-qfi{t-7 



+ C d^xd^y^{x)^{y) 



t-t2 



dr e''/^e' 



dh 



z-[x-y+qa{t)-qi3{t-T) 



d^Z 

d^Z 
1 

\z\ 



d'z^ 



l\z-[x-y+qa{t)-q0{t-T)]\ 

according to t^^ = 0{£^^) and t < Te^^^'^. 



(7.48) 
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Next we consider the case « = /?. Here we have t — t2 > r^* = 0{e^^) > SR^,, and again we can 
suppose w.l.o.g. that t — (t2 + r*,,) < 8R^. Partitioning the rfr-integral this way, it follows from 
Lemma [7.2| , Lemma [7.3| (c), and ( |7.32| ) that 

KAt,h)\ + \T,^At,h)\ 



< c 



dr 



t-{t2+T„) 



X £zCv^(^t-r){z)T^^5{\x\-T) 



X=X-y+qa(t)-qa{t-T)-Z 



+ c 



t-t2 



dr 



d xd y(p{x)(p{y) 



X I dh {[e''/' + V^] CMt-r) (^)) ^ '^(l^^l - r 
<C I I d\d'y(e^^'^\V\{x)\+e^\V''v{x)\]^{y) T"^^ dr- 

X 



x=x-y+qa{t)-qa{t-T)-z 



d^zA 



+ C 



d^x d^y ip{x)ip{y) 



t-t2 



dr (^e 



ll/2_ 



Z—[x~y+qa{t)-qa{t~T)]\=T 

d^z 

T"*^ r J\z-[x-y+qa{t)-qa{t-T)\\=T 



1 \ 1 



<Ce^ j Jd'^xd'^y{\V^ip{x)\ + \V'^ip{x)\)ip{y)J^ ^ dr 
+ C j j d'xd^y^ixMy) fj^' dr(e^^'^^^+e^^) <Ce' 

Summarizing (|7.48| ) and (|7.49|) , we have verified 

\TUtM)\ + \TL{tM)\<Ce' 



(7.49) 



(7.50) 



for aS[ 1 < (3 < N and all t, ^2 satisfying the assumptions ( |7.44| ) of this section. 

Part B: Bounding \T^^{t,t2)\. We go back to (|7.47| ) and deal with the contribution of the first 
term on the right-hand side. Again we begin with the case a ^ (3. Following the method used so 
far, we obtain from Lemma |3.3| that 

\TiAtM)\ < Ce'l' 



x=x-y+qa{t)-qi3{t2+T,t)- 

(7.51) 



X 



d'^x d^y !f{x)if{y) 

d^zCv^(t2+T„)iz)-r:-S(\x\ - (t- [ts + r„]) 



First we assume that r := t — [t2 + r**] < r^*. Then we pass the derivatives to Ci),3{t2+r.*)(-2) and 
invoke Lemma ^]3|(a) and (|7.32|) to deduce 



|Tgi(t,t2)| < Ce"\^ j j d\d^y^{x)^{y) 



d'z^ 



\z-[x-y+qa{t)-qi3 {t2 +r«« 



\x -y + qa{t) - qf3{t2 + r„) - z\ 
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On the other hand, if r > t^^, holds, then |4| in ( |7.51| ) gets the V^, and Lemma ^]3](b) together 
with (|7.32|) imphes 



\z-[x-y+qa{t)-qi3{t2+T„ 



(7.52) 



|T5^i(t,t2)| < Ce'^h' J J d^xd^'yifixMy) I dh 

for t < Te~^/^. Thus we have found 

\T[,it,h)\<Ce^ a ^(3. 
The most difficult term to estimate in this section is 

= j d^xpa{x)\u{t - [t2 + r„])((i;„(t2 + r„) ■ V^) ^v^{t2+T„){- - qa{t2 + r„)))}(a; + ^^(t)), 

(7.53) 

since for a = j3 there is no way to gain e's through the particles being far apart, and as here 
t = t2 + r„ is possible, thus preventing us from using the decay induced by the Maxwell group 
U{t) close to t = ^2 + T**. What saves the argument is the observation that the integrand vanishes 
at t = ^2 + as is most easily seen by changing to Fourier transformed form. Indeed, e.g. 

d^x pc,{x)[^E^{- - qa{t))]{x + qa{t)) = J d^x p^{x)E^{x) = C j d^k \^{k)\^ i[k - {v ■ k)v] = 

(7.54) 

due to the rotational symmetry of if, recall (C). To exploit this, we calculate 



d_ 
ds 



U{s- [t2 + r„]) $t,„(t2+r„)(- + qa{s) - qait2 + r„)) 
= U{s-[t2 + r**]) A^v„{t2+T„){- + qa{s) - qa{t2 + r„)) 

+ U{s-[t2 + T^*\){Vo,{s) ■ V) $^,,(^2+^,.)(• + qa{.s) - ^^.(^2 + T^*)) ■ 



(7.55) 



Again we may rely on ( |7.4(j| ) to see that A^v is, from the point of view of estimates, exactly as 
{y ■ V)$i,, so we will again drop the term containing A^v Integrating (|7.55|) over s G [^2 + 
substituting the remainder back into ( [7.53|) , and cancelling the zero term at t = ^2 + t**, we then 
obtain 

\n,litM)\ < C j d^Xp^ix) j'^^ ds{U{s-[t2 + T,,])[ 

{Va{t2 + r„) ■ Vy){Va{s) ■ V) $t,„(t2+r„)(- " qaih + n*)))}{x + qa{s)) 



Thus we have gained one Va{s) = i/e and one V-derivative, at the expense that now JI^+t,, 
appears. Applying our standard method yields in view of Lemma |^ and Lemma ^ 

rt-[t2+T^*] 



ds 



\T,^At,t2)\ < Ce' 



dr 



d xd yif{x)if{y) 



1 



X V' / d'zC,^^t^+r.,){z)— 5{\x\-T) 



x=x~y+qa(T+[t2+T,*\)-qa{t2+r*,)-z 
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We split the integral at r = 8R^. If t — [t2 + r**] < SR^,, then the second term can be omitted 

and the estimate is simpler. Passing the derivatives to Ca{t2+T-*,)('^) Im^^^^"^ '^'^i- 
utilizing Lemma |7^ (c) to find \z\ > Ct there, it follows that 



and then 



8R^ 



dr 



£xdS\V-'ipix)\ipiy) 



T J\z-[x-y+qa{T+[t2+T,t-])-qait2+Ti:t) 
t-[t2+T„] r r n 

d xd yip{x)ip{y) 



dr 



d'^Z 



J\z-[x-y+qo,{T+[t2+T,,\)-qa {t2 +-r.. )] 1 = 



< Ce\ 

Therefore ( [7.52| ) allows us to summarize our findings as 

\T,^At,h)\<Ce' 



(7.56) 



for all 1 < (3 < N and all t, t2 obeying the assumptions ( [7.44| ) of this section. 

Part C: Bounding |T5^2(^> ^2)!- A gain we go back to (|7.47|) and investigate the second term on 
the right-hand side. This expression is easier to handle, due to t — ^2 ^ t** = 0{e~^). Here the 
standard method yields, no matter whether a 7^ /5 or a = /5, that 

1^5^2(^,^2)1 < Ce'/' 



d^x d^yip{x)ip{y) 
X j d''zC,^(^t,){z)[v^—)5{\x\-{t-t2)) 



x=x-y+qa{t)-qfj{t2)-z 



,-3 



d^x d^y {p{x)ip{y) 



d'z 



1 



z-[x-y+qa(t)-qp(t2)]\ = (t-t2) 



< Ce'/^it-t2)-'<CE'' 



/2 



Together with (|7.50|) and (|7.56| ) this proves that indeed ( [7. 431) is verified, under the assumptions 

im)- 

7.1.3 Improving ?)-estimates by e^^^ 

Here we are going to show that 



\n{t,t3)\ 



N 



/ d^XPa{x) 
13=1 •' 

< C( sup mj 



ds 



ioi 1 < a < N and 



f/(t - s)(i:vp (s) ■ V.) - qp{s)))\ {x + q^it)) 

^'^ (7.57) 



(7.58) 



t e [ta + r„,T£~3/2]_ 



39 



To verify we define nit,^) = eJLi T^{t,t3). In case that a ^ (3, our standard method 

imphes 



\Ti{t,h)\ < Ci sup maxj^, (s 



t-t3 



t-[t3+r.*] 



xVM c?32;(„^(t_^)(z)^ 5(1^1 -r) 



Again we spht the cir-integral by introducing r^,^, <t — t^, cf. ( |7.58| ), from Lemma [7.3| . W.l.o.g. we 
can suppose that T^^>t— [t^ + r**], as otherwise simply the first integral below drops out. In this 
manner we find from Lemma |7.3| (a) and ( |7.32| ) that 



\T^{tM)\ < ci sup maxji;, (s 



t-[tz+T„] 



dr I I d^x d^y Lp{x)Lp{y) 



+ 



X j d'z[WX,^i^t-r){z)) — 5{\x\-T) 

dr J J d'^xd^y (p{x)(p{y) 

t 1 

X j d3^(^^(,_^)(^)(v2— ) 5{\x\ - t) 



x=x-y+qa{t)-q0{t-T)-z 



x=x-y+qa{t)-qfj{t-T)-z 



< C( sup max I v,^ (s) 



d X d y ip{x)(p{y) 



X 



dr — 

t-lh+Ttt] T J\z-[x-y+qa{t)-qp{t- 

t-ta 1 
dr — 



+ J J d^xd^yif{x)^{y) 
< C( sup max | (e^rl + /* dr \). 



d^z- 



T J\z~[x~y+qa{t)-qfj{t- 
t-ta 1 



Since r„ = and J^~'' $ < $ = r-,\ we deduce that 



even 



\Tl^{t,h)\<C( sup max I a ^ ^. 

As in the previous Section [7.1.2| the term where a = f3, i.e., 

c/3xp,(x) rfs [f/(t-s)((?)a (s) -v.) (■-g«(s)))](x + ga(t)) 

is critical. To derive the desired bound, we introduce 

f = ts + T-** - e'^^^. 
Since t^^ = 0{e~^), we have f > ^3. According to 

/ ds = ds + ds, 

we split 

T°(t,t3)=T6^l(t,t3)+T°2(t,t3). 



(7.59) 



(7.60) 



(7.61) 
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Following our standard method, we first see that in view of ( |7.32| ) 

c?s yy d^x d^y ip{x)(p{y) 
Jd'zC^^^,^{z)(v'^)6{\x\-{t-s)) 



K,i{t,h)\ < C( sup maxl^-.(s) 



x=x-y+qa{t)-qa{s)-z 



< C( sup max | -y ^ / / d^x d^y (p{x)(p{y) 

X rdsit-sy'-^ I d'^z^ 

Jt'i J\z-[x-y+qa{t)-qciis)]\={t-s) \z\ 



< 



C( sup max I v,- (s) 



/ ds {t — s] 



-2 



f-h 



C( sup max \ Vf-(s),. , 



Now (17381) and ( ff:60D yield 



f-U 



n.-e-y' ^ 1 



(t-f)(t-t3) (t-f)(t-t3) - t-r 



< e 



1/4 



whence 



|T6^i(t,t3)| < C( sup max | t;', {s)\)e'/\ 



(7.62) 



Consequently it remains to derive the same bound for 

f'i3+T* 



ds{v^ (s)-V^,) / d^xp^{x) \u{t~ s)(^^^i^,){- - qa,{s)'))\{x^ q^{t)). 



Again the main observation is that / rf^x Pa(x) \U (t — s)($^^(s)(- — qa{s)))]{x + qa(t)) = for s = t, 
cf. ( [r.54| ). Similar to ( [r.55| ) we calculate 



d 
ds 



U{t - s) $„,(5)(- + qait) - qa{s)) 

-- -U{t-s)A<l>^^(^-s){- + qa{s)-qa{s)) 

+ U{t~ s){Va{s) ■ Vv) $^45)(- + qa{s) - qa{s)) 
-U{t-s){Va{s) ■ V) ^^^(^s){- + qa{s) -qa{s)). 



(7.63) 



Using A^v — {v-'V)^v, cf. ( [7.46| ), we notice that the term containing A^v can be handled similarly 



to the last one on the right-hand side of ( [7.63|) , and hence it is dropped. Integrating the remainder 

over s G [s,t], we get 



t3+T,* 



ds / ds{va (s) - Vy) d^xpaix) f/(t - s) ((f„(s) ■ V)$^^(5)(- - g„( 



Let 



-U{t - s){Va{s) ■V)^v^(-s){- - qa{s)))]{x + qa{t)) 



h = {s e [f, h + T^^] : t - s > 1}, I2 = [f, h + r„] \ /i. 



(7.64) 



(7.65) 



41 



Then 



h 



ds I ds 



ds 



h 



t-i 



ds + J ds). 



(7.66) 



For the first part we infer from the standard method and (|7.32| ) that 



-t-i 

ds I ds . . . 



< 



sup max I f K [s 



1<K<N 



t-T 



X 



/ <i'^C,..(.-)(^)(lv^ V + E'V^lilj) mx\ - f ) 



dr dr d xd yip(x)ip(y) 

t-[t3+r„] Jl 



< 



C( sup max I (si 



' se[ts,t3+T„] 

X 



t-T 



e— + e — 



x=x-y+qa{t)-qa{t-T)-z 

dr df J J d^xd^y(p{x)(p{y) 
d'zX 



< C( sup max | v,^ {s 



1<K<N 



Z-[x-y+qa {t)~qa (t-T)] I =T 



< 
< 



C( sup max I v,^ (s) 
C sup 



max f K s e 



dr / (ir 

t-[t3+r„] Jl 



rt—T 

"'t-[t3+r*,] 
1/4 



(7.67) 



the latter since — f + [^3 + t^^] = e due to ( |7.60| ). For the second part of ( |7.66| ), we once more 
apply the standard method, and passing all derivatives to (f, it follows that 



ds / ds 



t-i 



< C 



sup max I f K [s 



dr I dr 



X 



< C 

< c 



d'^xd^y [v^|VV(a;)| +£'|VV(a;)|]<^(l/) 
1 

x\ 

rt-T 

dr 



sup max f K IS) ]^Je 

1<K<N ' ^ ^1 ' V 



6{\x\ 


-f) 






X=X 




rt—T 





















(7.68) 



' S£[t3,t3+T„„ 

sup max 

■ se[t3,t3+r,,] i<'=<^ 

According to ( [7.65| ), it thus remains to bound the contribution of 

ds / ds . . . 

to the right-hand side of ( [7.641) . However, since for s G /2 we have t — s < 1, the length of the 
(is-integration interval is bounded by 1. Hence we may repeat the argument leading to ( [7. 681 ), as 
we gain an e^^"^ from Va{s), but we loose an e'^^'^ due to I/2I < ^3 + t^,^, — f = e~^^^. Summarizing 
this observation to (|7.59| ), ( |7.61|) , ( [r.62| ), (|7.64|) , ( [7.67|) , and ( |7.68|) , we have completed the proof 
of ( fTSTl) . 
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(7.69) 
(7.70) 



7.2 Bounding Tjata 
The data contribution to (|7.19|) is 

Tdata(t,tl) = / d^X Paix)[Uit - ti)[Caih)Z{-,h))]{x + Qait)). 

Our aim here is to prove that 

|Tdata(t,ti)| < Ce"/^^ ti G [r„,t], t > ti + r„. 
First we recall from (|7.17|) that 

/:„(ti)Z(-, ti) = ■ V)Z(-, ti) + (vaih) ■ VfZ{-M) + 2(t;„(ti) ■ V)Z(-, ti) + Z{; ti). 

In view of Z = AZ — /, cf. ( |7.6| ), this can be rewritten as 

Caiti)Zi;ti) = ■ V)Z(-,ti) + ■ V)2Z(-,ti) + 2Mti) ■ V)[AZi;ti) - f{;ti)] 

+ A'Zi;t,)-Afi;h)~fi;t,). (7.71) 

According to ( [7.5| ) and (|2l5| ) we have Z(a;, 0) = 0, whence (|7.6|) yields 



ds 



Uit,-S)f{;s) (X) 



N ti 

/ ds[u{t, - s){{Ms) - qp{s)))]{x). (7.72) 



Z{x, ti 



(3=1 

Since = {v ■ V)$^, cf. ( |7.46|) , and ^f/(t) = f/(t)^, we take the liberty to treat AZ{-,ti) as 
Mh) ■ V)Z(-, ti), ^/(■, ti) as Mh) ■ V)/(-, ti), and A''Z{-, h) as (t;«(ti) ■ VfZ{-, h), although 
in fact f/3(s) do appear, but both |fa(s)| and 1^/3(5)1 will only be estimated by y/e below, so this 
makes no difference. Hence from the point of view of estimates ( |7. 71| ) becomes 

C^{h)Z{; h) ^ (v^ih) ■ V)Z{; t,) + Mh) ■ V)'Z{; t,) + Mh) ■ V)/(-, h) + /(-, h) , (7.73) 

where we also dropped factors and "—"-signs. Since 

N 
13=1 

- ■ W){vp{t{) ■ V,)<l',,(to(x - g^ti))}, (7.74) 

we see that in fact also 

£„(ti)Z(-, ti) ^ (?)„(ti) ■ V)Z(-, ti) + {v^{ti) ■ VfZ{-, ti) + /(-, ti). (7.75) 
Substituting ( [7.75| ) back into ( |7.69| ), and taking into account ( |7.72| ) and ( [7.74| ), we arrive at 

TV 

|Tdata(t,tl)| < 

13=1 



d'xp^x) / ds[U{t-s)[{va{h)-V){vp{s)-V,) 



+ Mh) ■ VfiMs) ■ V.))$„,(.)(- - q^is))] {x + q^t)) 



N 



+ CY 

13=1 



d^xp^ix) U{t - ti)({vp{ti) ■ V.) + (vfsiti) ■ 



+ (v^ih) ■ V){Mti) ■ V.))$.,(ti)(- - qf3{ti)) {x + g«(t)) 



N 

cT.{\TL.At,h)\ + \Ti,,^,{t,h 



13=1 



(7.76) 
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To bound these terms we apply the standard method from Section |7.1|, and utihzing Lemma p]2 



and Lemma we find 

l^data,l(^'^l)l + l^data,2(i,il)l 



< c 



+c 



t-tl 



dr d xd y (p(x)(p{y) 



X [e^W' + e'V^] J d'zC,,it-r)iz)j^^6i\x\-T) 
d^x d^y ip{x)ip{y) 



x=x-y+qa{t)-qis(t-T)-z 



X 



[^7/2^2 ^ ^4^2 ^ ^5/2^3] J ^^^^^^^ 1 ^( | _ _ 



x=x-y+qa{t)~qi3{ti)-z 



Here all the terms can be handled in the same manner. Passing the derivatives to and observing 
r > t - ti > r„ = 0{e-^), cf. (|770|) , we deduce with (|73^) that 



I -^data, 1 (i,^l)l + l^data,2(^,il)l 

< C f f d^xd^yip{x)ip{y) I dr 
J J Jt-ti 



n/3 



r4 ^ r5- 



+ C d'xd^y^{x)^{y) e"\t - t^)-'' + e'''^{t - t^) 



\z-[x-y+qa{t)-qi3{t- 
i 



d'z^ 

-t)]\=t Z 



d'z^ 



z-[x-y+qa{t)-qp{ti)]\ = {t-ti) 





r 4 1 , 3 1 1 




/ dr 


^ — + ^ — 


+ c 









This completes the proof of (|7.70| ). 



7.3 Bounding T2 

The contribution T2 to (|7.19|) is 

T2{tM) = I d^xp^{x)l^'dr[uit-T)[{d^{r)-V)Z{;r))]{x + q^it)). (7.77) 
We are going to show that 

\T2{t,ti)\ < Ce^, ti G [r„,t], t > r„. (7.78) 

also VZ{x, 0) = 0, 



In view of (^) we have |(VZ) = ^(VZ) - V/. Since Z{x, 0) = by 

whence ^ 

VZ(-, r) = - / Uir - s)Vf{; s). (7.79) 
Jo 

Utilizing this and ( |7.21D in ( |7.77| ), we obtain 



N 



13=1 



ti JQ 



^2(t,ti) = -E d^xp^{x) dr ds f/(t-s)((i),(r)-V)(^)/3(s)-V,)$,^(,)(— g^(s))) (x+g„(t)). 



Defining the respective terms in the sum on the right-hand side as T2{t,ti), we first note that for 
a ^ (3 the standard method applies. By assumption t > r^,*, and for f G [0, t — ti\ it plays no role 
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whether r*^, > r or r^,* < r, since e.g. in the former case it follows from Lemma [7.3| (a), (b) that 



ds 



d'^xd'^yip{x)(p{y)V^ j d^z Cv^(t--s){,z)— 5{\x\ - s) 



dse'^- 

S J\z-[x-y+qa{t)-qi3{t-s}\\=s 

+ f dse^ 



x=x-y+qa{t)-qj3{t-s)-z 
dh 



dh^ 



z-[x-y+qa{t)-qi3{t-s)]\=s 



<c{e'Tl+eH')<Ce 

for t < Te'^/^, and in case that r*^, < r the same result is obtained. Hence from Lemma |3.2| 



Lemma p.3|, and by means of the standard method we infer that 



dr I ds I I d^x d^y (p{x)(p{y) 



X / d^zCvi,{t-s)iz)—6{\x\ -s) 



x\ 



Hence it remains to investigate the case a = (3. Then for e.g. f > 1 we have 



x=x-y+qa{t)-q[3{t-s)-z 

(7.80) 



ds 



d^xd^yip{x)ip{y) J dh C^^^t-s){z){v^-r^) 6{\x\ - s) 



x=x-y+qa(t)~-qa (t-s)-z 



<C d-^xd-^yip{x)ip{y) / ds — 



dh^ 



S J\z-[x-y+qa{t)-qa{t- 



<C I ds-<C—. 

g6 



On the other hand, simply 



ds 



^xd^y{V^^{x))^{y) f dhC^{t-s){z)T^ S{\x\-s 
holds. Consequently by the standard method 
\T^it,t,)\ < Ce^^'^\f^df(^j\ f^y-s j j d^xd^y^{x)^{y) 



x=x-y+qa(t)~qa{t~s)-z 



< c 



t-ti 



X j d^zC^^(^t--s){.z)^^5{\x\ - s) 

df I ds J J d'^x d^y (p{x)(p{y) 

xV^y" d^zC^^(^t-s){z)-^6{\x\-s) 



x=x-y+qa (t)-qa{t~s)-z 



f2 



x=x-y^qa {t)-qa{t-s)-z 

(7.81) 



Summarizing ( |7.80| ) and ( |7.81| ), we see that ( [7.78| ) holds. 
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7.4 Bounding + 

In this section we will be dealing with 

T^{tM)+TA{tM) = ^(d'xp^ix) f dT\u{t - t)({v^{t) ■V){va{T) ■V)Z{-,r 



+ (t;,(r)-V)Z(-,r)jJ(x + g«(t)), (7J 

and it will be verified that 

|T3(t,ti) +T4(t,ti)| < ti>r„, t E [h + T,,,Te-^'\ 

Introducing 



Pa{t)(p= ■ V)V0 + V0 

for a general function (j) = (f){x,t), (|7.82|) can be rewritten as 



(7J 
{7.1 



Tsit,h)+T^{t,t,) = 2 I d-'xpM I dr [Uit - t){v^{t) ■ P^{t)Z{;t))\{x + q^it)). (7. 



^2) 
^3) 

^5) 



Then 



implies in view of (7^) that 

j^{Pa{t)z) = Mt) ■ V)VZ + P^it)[AZ -f]= A{Po.{t)z) + Mt) ■ V)VZ - P^{t)f, 
and this leads to 

P„(r)Z(-,r) = [/(r-ti)[P,(ti)Z(.,ti)]+£rfst/(r-s){(t;,(s)-V)VZ(-,s)-P„(s)/(-,s)}. (7.^ 
Resubstituting ( [7.86| ) into ( |7.85|) we get two terms, one from the data, and one main term. 



;6) 



7.4.1 Bounding the data term 

The data term part of (|7.85|) is 



T3+4,data(t,ti) = 2 j d^x pM [u (t - t,) (v^{t) ■ P^{t,) Z {■ , h))] {x + q^{t)) 



= 2 y c/=^xp,(x)[f/(t-ti)(K(t) ■P,(ti)Z(-,ti))J(x + g,(t)). 
Now ([7:8^ ) and imply 



P,(ti)Z(-,ti) = {v^{t^)■V)VZ{■,t,) + VZ{■,t^) 

= Mh) ■ V) VZ(-, ti) + A\/Z{; h) - V/(-, h] 

= K(ti)-v)vz(-,ti) + v/(-,ti), 
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again from the point of view of estimates, since A^v — {v ■ V)^v, cf. the remarks before (|7.73|) . 



Using (|7.79| ) and (|7.21|) we thus find 



N 



1^3+4 ,data 

13=1 



d'xp^ix) / ds U{t - s)((K(t) - v^{t{)] ■ V)K(ti) ■ V) 



N 



/3=1 



d^'xp^ix) U{t - ti)((K(t) - v^{h)] ■ V) 



Concerning the right-hand side, counting powers of e and V-derivatives we see that we have an 
e^V^ for the first term and an e^/^V^ for the second term (with U{t) and counting one V each). 
Since t — ti> t^^ = 0{e~^) we hence find 



1^3+4 ,data 



(7.87) 



exactly as the estimates on T^^^^^iit^ti) and T'^ata 2(^5 ^i) fro^i ( [7.76| ) have been derived in Section 
[7^ . Note that here no w-term appears, whence we do not need to assume ti > r^^ at this point. 



7.4.2 Bounding the main term 

By this we mean the contribution 

T3+4,main(t,ti) := 2 j d\ p^{x) dr j'^ ds \u {t - s){v^{t) ■ {{v^{s) ■ Z {■ , s) 

-P^{s)f{;s)] 



^3+4,main,l(^) ^l) ~ ^3+4,main,2 (^; ^1 



[x + qa{t)) 
(7.8^ 



to ( fflSSl) . 

To begin with T3+4 inain,i(^5 ^i), we can use ( |7.79D to rewrite this expression as 



-3+4 ,main,l 

= -2 1 d'xp^ix) J'dr^dsj^'da [U{t - cx)[{vM ■ ^)Ms) ■ V)f{-,(T))]{x + q^{t)). 
Substituting ( [7. 211 ) for / and observing that no i;-terms are to be estimated, we hence arrive at 



IT' 



3+4, main 



N 



< CJ2 dr ds da 



JO JO 



d^XPa^ix) U{t- fT){(?)„(r) ■ V){Va{s) " V) 



X {vp{a) ■ v„) ^vi,{a){- - qp{(y))) {x + q^{t)) 



Observing /q dr Jq ds Jq da = Jq da ds jl dr, transforming a = t — a, s = t — s, and t = t ~ t, 
and then omitting the tilde, we see that 



- 3+4, main,! 
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/3=1 



< C £ ds dr J d^x pa{x) [u{(r)(^{vo,{t - r) ■ V){vait - s) ■ V) 



Invoking Lemma p.2| and the standard method, it follows that 

10 JO JO 



|T3+4,main,l(i,il)l < F^S f dr 

JO JO JO 



/3=1' 



N 



d^xd^yip{x)ip{y) 



xV^ / d^zCvp{t~a){z)^ 5{\x\- a) 



x\ 



x=x-y+qa(t)-qfj(t-a)-z 



0=1- 



d^x d^y ip{x)ip{y) 



x—x-y+qa{t)-qi3{t-cr)-z 

(7.89) 



xV^ / d^zCvp(t-a){.z)— 5{\x\- a) 



First we consider a ^ (3. We may assume that t > t^^, with r*,, from Lemma [Ol , the case t < r** 
being simpler. Estimating o'^ <t^ < Ce'^ for t < Te^^^"^ and invoking Lemma [TT^ fa), (b), as well 
as ( |7.32| ), we deduce 



e"\ I + ]daa^ 



d^xd^y(f{x)f{y) 
xV'^y" d^z(^^(^t^^){z)-^6{\x\ - a) 



<Ce^J^*'da J J d^xd^y^{x)^{y)e^^ 



a J\z-[x-y+qa{t)-qi3{t- 



x=x-y+qa{t)-qp{t-a)-z 

d'z 

]\=a 

d'zA 



'y+qa{t)-qp{t-(7)]\=(7 \z\ 



+ Ce^ f da I I d^xd^y^{x)^{y)e^ f 

Jr^t J J J\z~[x- 

< Ce^^e^rl + eh^) < Ce^ (7.90) 
for t < Te""^/^. On the other hand, for a = P we split at cr = 8R^. Then Lemma |7.3| (c) yields 

d^x d^y ip{x)ip{y) 
V^Jd'zCMt~<r)iz)^5i\x\-a) 



e"[ I + I \d(ra^ 



x=x-y+qa{t)-qa{t-cj)-z 
nSRcp r r 1 /• 1 

<Ce^ daa^ d\d'^y\V^^{x)\^{y)- d^z — 

Jo J J a J\z-[x-y+qa(t)-qa(t-u)]\=u \z\ 



+ Ce^ f dacr"^ f f d^x d^y (f{x)(f{y) f d^z 

J8R^ J J a° J\z-lx-y+qait)-qa(t-a-)]\=a 

< Ce\ (7.91) 
Summarizing ( 7.9C ) and (|7.91 ), and going back to ( [7.89|) , we have shown that 

|T3+4,main,l(t,tl)| <C£^ (7.92) 
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for the t, ti in question. 

Finally we return to (|7.88|) and bound 



(t,ti)=2 fd^xpaix) f dr r ds[U{t ~ s){va{T) ■ P^{s)f{-,s))]{x + q^{t)). (7.93) 



^3+4,main,2l 

Hi Jti 

By means of ( |7.84| ) and ( [7.21[ ) it is calculated that 

N 



P,(s)/(-, s) = Vj2 \iK - M ■ V)(t'/3 ■ V,) + (v^ ■ V,) + (v^ ■ V,)2| - g^), (7.94) 

f3=l ^ ^ 

where all fa,f/3, . . ., etc., are evaluated at time s. Since |'y/3(s)p = but only |'i'/3(s)| = e^^^, the 
last term in ( |7.94| ) is better than the one next to the last, and hence it is dropped. Using the 
remainder in ( |7.93| ), we find that 

1^3+4 ,main,2 

< CJ2 [ dr [ ds j d^'x p^{x)\u{t - s)({v^{t) ■y){\v^{s) ~vp{s)]-W){vp{s) - W,) 

13=1 



+ (Vair) ■ V)(i)/3(s) ■ V^)j $^,^(.)(■ - qp{s)) {x + qa{t)) 



Since s > ti > r*,,, cf. ( [7.83|) , we have 1^/3(5)1 < Ce''/^ due to Lemma p73[ Applying the standard 
method, we thus conclude from Lemma 13. 21 that 



N 



|T3+4,main,2(t,tl)| < C dr dsS^'^ 

-Iti Jti 



d^x d^y ip{x)ip{ii) 



X / d-'zC,^i^s){z)— 6{\x\ - (t-s)) 



x\ 



x=x-y+qa{t)-qi3{s)-z 



TV ^ 



d^x d^yip{x)ip{y) 



xV' / d'zC,^^,){z)^ 6{\x\~{t-s)) 



x\ 



x=x-y+qa(t)-qi3(s)-z 



Using /j* dr J^^ ds < Jq dr Jq ds and observing /q dr /q ds = /q ds dr, we then introduce the 
change of variables s = t — s,f = t — t, and omitting the tilde again we arrive at 



|T3+4,main,2(t,tl)| < Ce^^' ds dr 

a. "'0 JO 



/5 = 1 



d^x d^y ip{x)ip{y) 



X 



V'J dhCMt-s)iz)^Ji\x\-s) 



x=x-y+qa {t)-qi3{t-s)-z 



+ C£"/2 V ['ds ['dr [ [ d^xd^yy^i 



x)ip{y) 



X 



V^'l dhC^^t^s){z)^6{\x\-s) 



x=x-y+qa(t)~qf3(t~s)~z 
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= 1 



Ce^^/^ Y.J^ dss J J d^xd^y^{x)f{y) 

X J dhC^^t^s){z)-^ 6{\x\ - s) 



x=x-y+qa {t)-qp{t-s)-z 



x=x-y+qa(t)-qf3(t-s)- 



In the first term we have a ^ (3, and we estimate s < t < Ce to be left with an "e^V^". 
Exactly as in ( [7.90|) we see that this part is bounded by Ce^, whence 



|T3+4,mai„,2(t,tl)| < C^^ + C^"/^ ^ / S 



d^ X d^y ip{x)ip{y) 



xV^ j d^zCv^(^t-s){z)^^5{\x\- s) 

J \0i'\ 



x=x-y+qa (t)-qi}(t-s)-z 

(7.95) 



For a P we use s <t < Ce and by means of Lemma |7]^(a), (b), and ( |7.32| ) we see that 



+ / ]ds s 



x=x-y+qa(t)-qp{t-s)- 
d^Z 



Jt„ 



d^x d^y (p{x)(p{y) 
X V^y" d^zC^^(^t_s){z)-^^6{\x\ -s) 
<C6^£"ds J J d^xd^y<f{x)y^{y) e^-J^ 
+ Ce^j' ds J J d^xd^yif{x)ip{y)e^ J 



I \z-[x-y+qait)-qi3{t-s)]\=s 



dh^ 



\z-[x-y+qa{t)-qi3{t-s) 



<CeHe'rl+eH']<Ce 



(7.96) 



for t < Te~3/2_ Finally for a = /3 we can invoke Lemma |7.3| (c) to find 



+ ]dss 



d^x d^y ip{x)(p{y) 
xV^y" d^zC^(^t.s){z)-^^6{\x\ - s) 

<Ce^^I^ \ ds 
Jo 

+ Ce^^'^ f dss I f d^xd^y^(x)M^ [ 



x=x-y+qa{t)-qa{t-s)-z 



8R^ r r I 

s / / d^xd^y\V^ip{x)\ip{y)- 

J J S J\z-[x-y+qa(t)-qa{t-s)]\=s \Z\ 



d'z^ 



d'z 



\z — [x~'y+qa{t)—qa(t—s)]\=s 



(7.97) 



In view of O), (|7^) , and (f7^ we infer that |T3+4,mam,2(t, ti)| < Ce^ and together with (^) 
and ( |7.92| ) we conclude that indeed ( |7.83| ) holds. 
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7.5 Bounding \Ra{t)\ 

We are going to verify the estimate (|7.16| ). A direct calculation starting from (|7.4|) reveals that 



+ {-^rnoaiVa) ^ ]moaiVa)Rait) 



d 



Ra{t) - ( -^moaiVa) )moa{Va)Ra{t) 



N 



(7.98) 



13=1 
I3^a 



with the terms 



V0 



+ VaA{[v^-Vp]-V)^BA{x-qf,), (7.99) 



where all g^, g^, etc., are evaluated at time t. Invoking the bounds ( [7.11| )-( [7.13| ), ( |7.98| ) yields 

(7.100) 

To estimate Saisit), we introduce for a 7^ /5 the interaction terms 
V'^apit) ■■= j d^x pa{x - qa{t))V(t)vp(t){x - qf3{t)) 



{—i) CaCfs / d^k k 



Jk-[qi3{t)-qa{t)] 



k^-{k- vp{t)y 



d^xd^yip{x - qait))ip{y - g/3(^))VC^,^(^)(x - y), (7.101) 



with Cy{x) from Lemma [7.2| , and for l,j>0 we will also need the derivatives 

V,V^<i/ap{t) := J d'xpg{x-qo,{t))VlV^<P,^(^t){x-qM) 

''"''^ ^ U^xd^yv{x - qg{t))^{y - qp{t))V[V^Cv,(t){x - y). (7.102) 
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To illustrate the method for bounding Sapit), let us first consider 



Sap,i{t) = / d^xpa{x - qa{t)){vp ■ V v)E^ (t){x - qp{t)), 
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which comprises the first term in ( [7.99| ). Recalhng E^{x) = — V0i,(x) + {v ■ V0„(x))f from ( |2.3| ) 
and calculating {v ■ Vv)Ey{x) explicitly, by means of (|7.101|) and (|7.102|) we may rewrite Sai3,i(t) 
as 



(7.103) 



From Lemma |7.2| we obtain 



< c 

= c 



Sxd^y^{x - qa{t))^{y - qp{t))\x - y\ 
d^xd^y^{x)^{y)\x -y + q^t) - qp{t)\-'^'^^\ 



(7.104) 



Since a ^ /5 we have \x - y + q^t) - qp{t)\ > \qa{t) - qp{t) \ - 2Rip > C,e-^ - 2R^ > {C^/2)e-^ 
for \y\ < Rip and t G [0,Te^^^'^], due to Lemma |3]^. Therefore ( |7.104|) yields 



Vy^^a(s{t)\<Ce^+\ /,j>0, a ^(3, t e [0,Te-''/% (7.105) 
and applied to ( [7.103| ) we find in view of Lemma |3.2| and Lemma p.3| that 

In principle, all other terms in (7.99) may be handled in the same manner, the rule of thumb 



being that one first counts the powers of s due to Lemma p^ , then one counts the V-derivatives, 
with Ey,B^ = V0„, and a V-' gives an additional e^'^'^, whereas the Vt,-derivatives do not hurt the 
estimate. This way term by term can be bounded, the worst ones being 



d XPaix - qa{t))\ i[Vait) - V(}{t)] ■ V)-E„^(t)(x - qp{t)) 

+ (Kit) - vpit)] ■ V)2E,,(i)(x - qfsit)) 



Consequently, ( |7. 100| ) shows that also 

\Ra{t)\<Ce', 

holds. 



a 



1,...,N, t G [r„,T£-3/2]^ 



(7.106) 



7.6 Conclusion of the proof of Lemma |cS.4 



We recall from ( p.l6| ) that r^^, = {C^,/8)e ^, cf. also Lemma \l.3[ To begin with, we fix some 
a G {1, . . . , A^}. From ([71^ ) and (|Tl9|) we know that for t G [r„, Te'^^^] we have 



Va{t)\ < Ce'^ + C 



d^X Pa (x) {Ca (t) Z){x + qa{t),t) 



< |Tdata(t,tl)| + \Tl{t,h)\ + \T2{t,h)\ + |T3(t,ti) +T4(t,ti)|, 

with ti still to be selected. If below we can moreover ensure that 

ti G [r„,t], te[ti + r„,T£~3/2|^ t > r„, (7.107) 
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then ([77q ), ([778| ), and ([7:83| ) imply 

\va {t)\<Ce'> + \T^{tM)\- 

Concerning T(t,ti), we rely on the bounds obtained in Section \n\ . Assuming ( [7.107] ) it is found 
from (JtM) that for t E [T„,Te~^/^] 



Va (t)| <C£^ + 



^ f /■* r / 



f3=l 



. (7.108) 



Now we fix t G [2r„,T£-3/2] ^ rpj^g^ (|7l07|) holds, and (|7]T08|) implies 

\va{t)\ < Ce' 



+ 



+ 



N 



2t„ 



Y d^xpa{x) I ds U{t - s)i^{vfi (s) ■Vv)^y^(^s){- - qisis))) {x + qa{t)) 

f3=l 
N 

Y d^xpa{x) 1^ ds U{t - s)[(v,3 [s) ■Vv)'l>vp{s){- - q/3{s))) {x + qa{t)) 

/3=1 



2t„ 



Utilizing ( 7.43| ) with t2 = t^,^ and (|7.42|) with t2 = 2r**, it follows that 

|2^ 



I Va (t)\ < Ce"^ + C{ max \eA 
for t G [2t^^,T£''^I\ whence 



sup max I [s 



se[2r..,Te-3/2] 



l<K<Af 



sup max I (t)| < Ce^ 



(7.109) 



if the \e^^^ are chosen small enough. Next we fix t G [3r**,T£: '^/^j and set ti = 2r**. Then again 
UTToi ) is satisfied, therefore by ( [TTOSl ) 



+ 



+ 



N 



2t. 



^ d^xpaix) 1^ ds U{t - s)[{Vfs (s) ■Vv)^^i,(s){- - qpis))) (x + g«(t)) 

(3=1 •' 



3t„ 



^ d^XPaix) 1^ ds[U{t-s)[{Vf3{s)-V^)^^^^s){--qp{s)))\{x + qa{t)) 
(3=1 '' 



For the first part (|7.57|) applies with = 2t^^, whereas for the second part we can use (|7.42|) with 
^2 = 'iT^*- Accordingly we infer 



(t)\ < Ce^ + C( sup max \v^(s}\]e 

Se[2r„ 3r„] l<«<^ ' 



,1/4 



+ C( max leKplf sup max I t's (s)!) 

2^ 



1<K<N 



max 

1<K<N ' ' 



sup max I f K [s 



se[3T„,r£-3/2] 



1<K<N 
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where we have used ( |7.109| ). As this hold for all t E [3r**, Te^^/^], by choosing the le^l small 
enough we can ensure 

sup max I {t)\<Ce^''^\ (7.110) 

Now it is clear how this procedure is iterated to gain factors e^^^. From (|7.110|) we obtain the 
bound 

sup max I 

and so on, until the power is reached. Then no further improvement is possible, since there are 
other error terms of order 0{e^) in ( |7.108| ). This way we arrive at 

sup max I {t)\ < Ce^, 



and this completes the proof of Lemma 3.4. □ 



8 Appendix B: Proof of Lemma |^T3 



sin 


k 


T 




k 





The proof follows the lines of the proof of [0, Lemma 3.2], although some care has to be taken 
since the key estimate on Va (t) from Lemma p.4| does not hold for t E [0,T£:~^/^], but only for 
t E [6r**, Te"^/^]. We will consider only assertion (b) of Lemma the other parts being verified 
similarly. Recalling ^^/s = lait) — qpif) and a P, we first introduce 

Di{t) = ij^dr J rf3A:|(^(A;)|^e-^^-g°^|e-^^-t^^(*)-g^(*-")' _ e-»fc-[^^^-|r^t'/3+^^»)g]| 
= -^ij J d^xd^y'^ix)'^iy) J^dT{iJr{x-y + ^ai3 + qp{t)-qi3{t-T)) 

-Ipr^X -y + ^al3 + rVf^ - ^T^VfS + ^^^^/s) }, (8.111) 

where ipri^) = (47r|x|)^^5(|x| — r). To proceed further, we need two technical lemmas. 

Lemma 8.1 For \x\, \y\ < and t E [tc^e^^/^] fixed, where to = 4(/?<^ + C*e^^), of. ( \3. 14 ), we 
define the function 9 = 9{t) = 0{t; x — y,t, a, jS) through 

e{T) = T - \x - y + qc.it) - qpit - t)\, tE [0,t]. 

Then 2 > 6'{t) > 3/4, and there exists a unique tq = to{x — y, t, a, [3) E [0, to] such that 0{tq) = 0. 
More precisely, the estimate 

{C,/2)e-^ < To < 2C*e-^ (8.112) 

holds. 

Proof: We have 9'(t) = 1 - -VBit-T), whence 2 > ffir) > 3/4 in view of Lemma 

^ ' \x-y+qa(t)-qp(t-T)\ PV _ v / _ / 

^ for e small enough. For the other claims, we first note that > 0(0) = — \x — y + qa{t) —qp{t)\ > 
{2R^ + C*s-^) > -2C*£-i and therefore also 0(to) = ^(0) + /q'' 9\t) dr > -2C*s-^ + 3to/4 = 
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?>R^ + C*e ^ > 0, whence 9 has a unique zero tq satisfying tq G [0,to]- To verify ( p.ll2| ), we 
estimate 

\x - y + qa{t) - qf3{t - t)\ > \qa{t) - q^{t)\ - \x\ - \y\ - \q,3{t) - qi3{t - t)\ 



by ( PTTD and (PTT^ ). Since tq G [0,to] we have v^tq < C^-Vs^ thus 

To = |x - y + - - ro)| > (a/2)£~^ 
for £ sufficiently small. On the other hand, in view of (|3.11|) and (p.l2|) also 



= \x - y \ qoc{t) - quit - Tq)\ < |gQ(t) - g/3(t)| + |x| + |?/| + |g/3(t) - g;3(t - To) 
and therefore tq < '2C*e^^ for e small enough. 



□ 



Lemma 8.2 In the setting of Lemma \8.1\ we now define 6 = 6{t) = 6{t; x — y,t, a, (3) by 

r G [0,t]. 



r = T 



x-y + ^a/3it) + Tvp{t) - ^rH^it) + ^T^Vp{t) 



Then 2 > 9'{t) > 3/4, and there exists a unique ti = ti{x — y,t, a, (3) G [0,to] such that 6{ti) = 0. 
Again we can arrange for 

iCj2)e-^ <Ti< 2C*£-^ (8.113) 

to be satisfied. 

Proof: Here we have ^'(r) = 1- ^ ■ (vp{t) - TVp{t) + lT'^vp{t)y Due to t > to > r„ = (C,/8)£-^ 

we obtain r^|i;/3(t)| < Ct^e^/'^ < Cy/e by Lemma |373| , and also + r|'i)^(t)| < in view of 

Lemma p.2| . Since ^(0) = ^(0) we can proceed as before in the proof of Lemma 



□ 



Returning to (|8.111|) and using Lemmas ^TT] and |8]^, we may thus simply write 



Di{t) 



d^x d^y {p{x){p{y) 



5 '0 



Tn — Ti 



(8.114) 



Calculating V^Tq ^ and V^r^^ ^ from the defining properties ^(tq) = and 9{ti) = 0, we arrive at 
V^To"^ = -Tq^^I -y + ^ap + qp{t) -qpit- To)) 



+ {x-y + Caf3 + qpif) - qpit - To)) • Vpit - Tq)V^Tq 
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Therefore 



< 



_-3 



_-3 



1 2. 1 3- 



l + (|t;/3|+ri|t;^| + -r2|i)^|)|Vgri| 
+ ro\p{t-TQ)-qp{t-Ti)\ 



-3 



_-3 



^ '0 
X 



x-y + iai3 + qpit) - qp{t - To) \vp{t - ro)||V5(ro - ri)| 

a; - y + W + '?/3(^) - - ^o) \Vl3it - To) - Vp{t - Ti)\\W^Ti\ 

x-y + iap + qiiit) - qpit - tq) 
%it - To) - q^it - n)\\vfsit - rOllv^nl 

Qf^it) - qp{t - Ti) - Tivp + -rlijp - -rlvp\\vp{t - ti)\\V^ti\. 



Hence Lemma ^.2| , Lemma ^.3| , ( |8.112| ), and ( ^.1131 ) yield 



-1 



-1 



-3 



--3 



l + V^lV^rill +C£^/Vo-^i| 



+ Ce'"qp{t)-qp{t-Ty 



+ C£^/2|V^(ro-ri)| 
1 



vi3 + nvp - -rlvp 



1 2. 1 3- 



(8.115) 



To bound the right-hand side further we note that t — ti > to — 2C*e ^ = 4i?^ + 2C*e ^ > 
(3C,/4)£-i = 6r„ according to (|gTTB| ), recall (|XT|). Thus | < Ce^ for all s e [t - Ti,t] by 

Lemma p.4| and this implies that 



2 



V/3 - TiVfs + 



Utilizing this observation and the definition of tq and ri, we moreover obtain 



- Qisit - To) - nvp + ^T^vp - ^r^V3 < Cy/e\To - Til + Ce^rf 

2 o 



ro-ri| < 

< CV^\To-n\ + Ce 



whence Itq — ri| < Ce and consequently also \tq 



< Ce^. Next it is verified that iV^ri] < C, 



and with some more effort also that |V5(ro — < Ce^^^. Invoking all these estimates on the 
right-hand side of (p.ll5| ) it follows that \V ^Tq — V^rf | < Ce^, and recalling ( p.ll4| ), we finally 
obtain 

sup \Di{t)\<Ce\ (8.116) 

tG[to,T£-3/2] 
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The next step is to consider 



1 2. 1 3- 



D2{t) = dry'd3fc|^(fc)|^e-^'=-«-''|e-^'=-["^'3-^'^''+^"'^'5] - (^1 -iA; ■ 

~l \^\k ■ Vpf - T^{k ■ V/3){k ■ Vf3)] + '-T^k ■ Vp) 

2 1- -I o 

With ^pr{x) = (47r|a;|)-^5(|a;| - r) this may be rewritten as 

D2{t) = -V^ J j d^xd^y^{x)^{y) ^ dr - y + + rvp - ^r^^ + ^r^vp) 



sin 


k 


T 




k 





k. 



1 2- 1 3- 



\r\v, ■ Vf - \Av, . V){v, ■ V) + Ir'iv, • V)^' 

By expanding ipri') about x — y + S,ap and using a similar technique as for Di{t) it can be verified 
that also 

sup \D2{t)\<Ce\ (8.117) 
te[to,r£-3/2] 

Finally we introduce 



D^{t) = i dr J d^k\0{k)fe-'''-^-^{l-ik 

1 r 



1 2- 1 3- 



o 



.1 



and it remains to notice that as in H, p. 466/467] we obtain Dsit) = for t G [to,T£-''^/^]. Taking 



into account ( B.116| ) and (|8.117D , we see that the assertion of Lemma ^]^(b) is satisfied 



□ 



9 Appendix C: Proof of Lemma |S7l:i 

First it will be convenient to transform (f, m) to the time scale of {q,v). To this purpose we 
introduce 

r„(t) = £-V,(£3/2t), uait) = y^Uaie'^/H), (9.1) 

where the {ra{t),Ua{t)) are the solution to the system induced by (|3^ ) with data (^q,m°) from 



(13). Then 



^a(O) = ql u^iO) = V 
by ( p.7|) , and the corresponding equations are 

N 







^ 4:71 \ra-r(3\-^ 



a = l,...,N, 



(9.2) 



(9.3) 



valid forte [0, {tq - 6o)e-'^/'^]. 
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Lemma 9.1 We have 

Co6-'< inf |r„(t)-r^(t)|, sup K{t) ~ rp{t)\ < C'e-' (a ^ (9.4) 

t€[0,{Tc-So)e-^y^] fg[o,(rc-<So)e-3/2] 

and 

sup \uait)\<C^/e, (9.5) 

te[0,(Tc-<5o)e-3/2] 

wzt/i constants Cq, , and C > 0, depending only on tq, 5q, and the data. 

Proof: The bounds in ( |9.4| ) follow from ( |9.1D and the definition of tq. For ( |9.5D , note that the 
system ( |9.3| ) is Hamiltonian with conserved energy 

^1 1 ^ e e 

^C(r, m) = 51 o"^««a + o E " ^ 



a=l a,/3=l I " PI 



whence 



1 1 ^ 

< Hc(r(0).„,(0)) - < c.. 



the latter in view of (^, (^, and (^. □ 



To prove Lemma |3.1| we set 

. \Ci Cq 

= mm 



2 ' 2 

with Ci from ( ^.4] ) and Co from ( |9.4| ), and we introduce 

i = sup {ti G [0, min{rc - 6o, Toje^^/^] . ^^^-i < j^f \q^{t) - g^(t)| for a ^ /?}. 

Hence we need to show that in fact t = min {rc - 5o, To}£-3/2_ Note that t > according to 
and also 

C,£-^ < inf |g,(t) -g^(t)|, a=^p. (9.6) 



Utilizing the method of [T^, Lemma 2.1], cf. also Lemma p.2| , we know that a lower bound of type 
( p.6[ ) leads to the further bounds 

sup |ga(t) - g/3(t)| < C4e~^ ("7^/?), sup \Vait)\ < C4\^, (9.7) 

te[o,£] te[o,i] 

with some constant C4 > depending only on Ci, C2, C3, and C*, but not on t < Ce^'^/^. Observe 
that these estimates hold from t = 0, and not only from t = 0{e~^) = to, since we only need to wait 
for this time span in case that we have to deal with expressions resulting from data terms. This 
happens only when in the course of proof some time derivative of the difference function Z{x,t), 
cf. ([7.5|), is to be estimated. However, for ( p. 7] ) such terms do not appear, cf. |T3|, Sect. 5.2], they 
first come up when we estimate |wQ,(t)|. In addition, (|9.7|) is obtained without the assumption that 
the led be small, cf. |]TB|, Sect. 5.1]. 

These bounds can be used to derive the appropriate lower-order effective equation for the true 
solution. 
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Lemma 9.2 Fort G [0,t] we have 



N _ 

^>.= E^ i^" % +0{s'/'), « = l,...,iV. (9.8) 

Proof: In principle we can follow the argument of Section ^ and expand the Lorentz force Fa{t) 
from (|4.1| ), with the difference being that we need to get a bound right from t = 0, and not only 
from t = to = 0{e^^). This means that Lemma |4.1| cannot be used as is to be expected since 
for small times of order 0{e~~^) (before interaction) the effective Coulomb force in ( p.8| ) will be 
due to the initial force Fj^\t). It is only at times after t = 0{e~^) that the retarded part of the 
field Fj^^\t) makes its influence felt. However, from the viewpoint of a proof there is no sharp 
time = 0{e~^) at which this transition does manifest itself, whence a separation of the force as 
Fa{t) = Fj^\t) + Fl^''\t) will not lead to the optimal bound. Instead of this we write Fa{t) as a 
single integral as follows. We first continue the particle trajectories and velocities to t = —oo and 
define 

for simplicity the tilde is omitted henceforth. Using the relation 

-oo \k\ -k^-{k-V$)A ^ ^^ ^ ^' \k\ J 

and (|2.5|), a straightforward calculation shows that we have the representation 



Fi°)(t) = f; e^ef, r ds j d^k |<^(fc)|2e-^^-['''^W-^'^(^)] | - cos \k\{t - s) vp{s) + i '^""'^'^^ k 
p=i J—oo J I \k\ 



\k\ 

, sm\k\(t — s, . . , ,, , 

- ^ Va{t) A (fc A vp{s)) \, 



hence also 



Fe,{t) = f;e,e^ /* ds I d^k |y(A:)|^e-^^-[^"W-''^W' ( - cos \k\{t - s) vp{s) + i ""'^ k 

/3=1 J-co J I \k\ 

. sin |A;|(t — s) , , , , , 

- 1 Va{t) A{kA vp{s)) 

in view of ([4.3|) and (L4). This form of Fa(t) is appropriate to deduce (|9.8| ). The argument 
proceeds entirely along the lines of Section ^, but its realization is much easier, since we only have 
to take into account the contributions of order 0(e^). To illustrate how (|9.9|) enters, we pick out 
a single term, e.g. 

Ait)=^ f ds f d'k |(^(fc)|^e-^-'^"W-^^(-)i '^'^^ ~ k 



\k\ 

for a f3, in order to draw a parallel to Lemma [4.3| (b), cf. Section ^. We are going to show that 

A{t)=i f ds [d^k\iPik)\' ^'''^^]l^~'h + 0{e^/^), te[0,i]. (9.10) 
J-oo J \k\ 
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To verify this, we introduce the difference 

D{t) = tf dsj d'k |y(A:)|^(e-^-'^"W-'^^(-)] - l) ~ k 



oo 



\k\ 



-V^ / / d^xd^y^{x)^{y) 

xf dr yjr{x - y + Ca(3 + q/3{t) - q/3{t - t)^ - 1pr{x - y + ^a^)], (9.11) 



with ipr{x) = {4:TT\x\y^6{\x\ - t) and = qa{t) - qpit), cf. (|8.111|) . Next note that e C^(IR) 
and moreover 

\vait)\ <C^/e, te]-oo,i], l<a<N, (9.12) 
by ( p.9|) , (pTTl), and (pl5|). For fixed |y| < and t G [0,t] we define the function 



e : [0, ooH IR, ^(^) = r - |x - y + g„(t) - g^(t - r)|. 
Then 0(0) = -\x - y + q^{t) - qp{t)\ = -C(£"^) by (U) and (|;3), and in addition 0'(r 

3:---y+gQ(t)-(5t,fl(f--r) 
k-|/+9a(t)-g/3(t-T) 



1 - \ZlXTa)'Zu-r)\ ■ Mi -r) = 0(1) due to (^), as t - r g] - oo, t] c] - oo, t]. Hence 0(-) has 



a unique zero tq = ro(x — ?/, t, a, P) = 0{e ^) in [0, oo[. Setting ti = \x — y + ^ai3(t)\ = 0{e ^), we 
see that ( p.ll| ) can be rewritten as 



A7rD{t) = -J J d^xd''yv{xMy)V^{T,'-T^'). (9.13) 

From the definitions we find that 

V^Tq-^ = -Tg^^l (x -y + ^a/3 + qp{t) - qp{t - To)) 

+ {x-y + ^af3 + qpit) - qpit - tq)) ■ Vp{t - tq)V!^tq^, 
V^rfi = -T{'\x-y + i^p). 

Since IV^tqI < C, it follows by means of ( |9.12|) , and recalling = 0{e), that 

V^To"^ = -T^^{x -y + ^a(3 + qp{t) - qp(t - To)) + ^(e^/^). 

Next observe that \qi3it) — q^it — tq)\ < C^tq < Ce^^^"^ in case that t — tq > 0, due to ( |9.7|) . 
However, if t - tq < 0, then \qp{t) - qp{t - tq)\ = \qp{t) - < C^t < C^Tq < Ce-^l^. Thus 

V^V^ = -T^\x - y + i^f,) + 0(£^/^) 

in all cases, and also 

|ro - Til < \qp{t) - qf,{t - ro)| < Ce-^/^ 

Therefore 
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and in view of ( |9.13| ) this completes the proof of ( |9.10| ). Since it can be verified that all remaining 
terms can be handled in an analogously manner, we deduce that (|9.8| ) holds. □ 



Using ( p. 81) it is possible to complete the proof of Lemma In view of (p.8|), ( p.3| ), (p.4|), and 
61), we have 



Ur 



< 



N 

y 

i^, 47r |g„ 

N 



N 

E 



/5=i 47r 



for t G [0,t]. By the argument given in |T^, p. 449/450] this yields 



(9.14) 



for a 



.N. Consequently, by (|9^ and ( p.l4| ) we obtain for t G [0,t 



\qa{t) - q/3{t)\ > K{t)-rp{t)\-\q^{t)-r^{t)\-\qp{t)-rf,{t)\ 
> Coe~^ - Ce-^l^ > {3Co/^)e-\ 

the latter if e > is chosen small enough. Since 3Co/4 > C*, this leads to a contradiction to the 
definition of t in case that t < min{rc— 5o, Toje"^/^, whence we must have t = min{rc — (5o, Tq}6~^^'^ 
as was to be shown. □ 
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